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Ïðåäèñëîâèå

Â òðåòüåé ÷àñòè ó÷åáíîãî ïîñîáèÿ ¾Ïàðàëëåëüíàÿ êîìïüþòåðíàÿ
àëãåáðà¿ èçëàãàþòñÿ îñíîâû ïðîãðàììèðîâàíèÿ ñ èñïîëüçîâàíèåì
âåá-ñèñòåìû ïàðàëëåëüíîé êîìïüþòåðíîé àëãåáðû Mathpar.

Ñèñòåìà Mathpar ïîçâîëÿåò îïåðèðîâàòü ñ ôóíêöèÿìè è
ôóíêöèîíàëüíûìè ìàòðèöàìè, ïîëó÷àòü êàê òî÷íûå ÷èñëåííî-
àíàëèòè÷åñêèå ðåøåíèÿ, òàê è ðåøåíèÿ, ó êîòîðûõ ÷èñëîâûå êîýô-
ôèöèåíòû â àíàëèòè÷åñêèõ âûðàæåíèÿõ èìåþò òðåáóåìóþ ñòåïåíü
òî÷íîñòè.

Äëÿ ïåðâîãî çíàêîìñòâà ñ ñèñòåìîé, îñâîåíèÿ ïðîñòûõ ôóíê-
öèîíàëüíûõ è ñèìâîëüíî-÷èñëåííûõ îïåðàöèé äîñòàòî÷íî èçó÷èòü
ïåðâóþ ãëàâó. Â ïåðâîé ãëàâå îïèñûâàþòñÿ ââîä äàííûõ è çàïóñê
âû÷èñëåíèé. Äàþòñÿ îáîçíà÷åíèÿ äëÿ ýëåìåíòàðíûõ ôóíêöèé, òà-
êèõ êàê ëîãàðèôì, ñèíóñ, êîñèíóñ è ò.ä., è êîíñòàíò � π, e, i, à
òàêæå êîíñòàíò, êîòîðûå íåîáõîäèìû äëÿ çàäàíèÿ ÷èñëîâûõ ìíî-
æåñòâ. Îïèñûâàþòñÿ ñïîñîáû çàäàíèÿ âåêòîðà è ìàòðèöû, àðèô-
ìåòè÷åñêèå îïåðàöèè ñ âåêòîðàìè, êîìàíäû ãåíåðàöèè ñëó÷àéíûõ
÷èñåë, ïîëèíîìîâ è ìàòðèö, êîìàíäû äëÿ ðåøåíèÿ àëãåáðàè÷åñêèõ
óðàâíåíèé. Äëÿ âñåõ êîìàíä ïðèâåäåíû ïðèìåðû è ïðîäåìîíñòðè-
ðîâàíû ðåçóëüòàòû âû÷èñëåíèé.

Âòîðàÿ ãëàâà ïîñâÿùåíà ïîñòðîåíèþ ãðàôèêîâ ôóíêöèé. Ñèñòå-
ìà Mathpar ïîçâîëÿåò ñòðîèòü ãðàôèêè ôóíêöèé, çàäàííûõ ÿâíî,
ïàðàìåòðè÷åñêè èëè ïî òî÷êàì. Ïðè÷åì, ìîæíî âûïîëíèòü ïîñòðî-
åíèå íåñêîëüêèõ ãðàôèêîâ â îäíîé ñèñòåìå êîîðäèíàò. Â ýòîé ãëàâå
ïðèâîäÿòñÿ êîìàíäû äëÿ ïîñòðîåíèÿ ãðàôèêîâ è ïðèìåðû èñïîëü-
çîâàíèÿ êîìàíä.

Â òðåòüåé ãëàâå îïèñûâàþòñÿ ñïîñîáû çàäàíèÿ îêðóæåíèÿ â ñè-
ñòåìå Mathpar, ò.å. òîãî ïðîñòðàíñòâà, â êîòîðîì áóäóò îïðåäåëÿòü-
ñÿ ìàòåìàòè÷åñêèå îáúåêòû. Â ëþáîé ìîìåíò ïîëüçîâàòåëü ìîæåò
ñìåíèòü îêðóæåíèå, çàäàâ íîâîå àëãåáðàè÷åñêîå ïðîñòðàíñòâî. Ïå-
ðåìåùåíèå èç íåêîòîðîãî îêðóæåíèÿ â òåêóùåå, êàê ïðàâèëî, äîëæ-
íî âûïîëíÿòüñÿ ÿâíî. Â íåêîòîðûõ ñëó÷àÿõ òàêîå ïðåîáðàçîâàíèå ê
òåêóùåìó îêðóæåíèþ ïðîèñõîäèò àâòîìàòè÷åñêè.

Â ÷åòâåðòîé ãëàâå îïèñàíû êîìàíäû äëÿ çàäàíèÿ ìàòåìàòè÷å-
ñêèõ ôóíêöèé îäíîé èëè íåñêîëüêèõ ïåðåìåííûõ, èõ êîìïîçèöèé,
âû÷èñëåíèÿ çíà÷åíèé ôóíêöèè â òî÷êå, ïîäñòàíîâêè âûðàæåíèé â
ôóíêöèþ, âû÷èñëåíèÿ ïðåäåëà ôóíêöèè â òî÷êå, ñèìâîëüíîãî èí-
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òåãðèðîâàíèÿ êîìïîçèöèé ýëåìåíòàðíûõ ôóíêöèé. Ïðèâîäÿòñÿ ïðè-
ìåðû âûïîëíåíèÿ ðàññìîòðåííûõ êîìàíä. Ê êàæäîìó ïðèìåðó äà-
þòñÿ ðåçóëüòàòû âû÷èñëåíèé â ñèñòåìå Mathpar.

Ïÿòàÿ ãëàâà ïîñâÿùåíà çàäàíèþ è äåéñòâèÿì ñ ðÿäàìè â ñèñòåìå
Mathpar. Ðàññìàòðèâàþòñÿ ñïîñîáû çàäàíèÿ ðÿäà. Äàþòñÿ êîìàíäû
äëÿ ñëîæåíèÿ, âû÷èòàíèÿ, óìíîæåíèÿ äâóõ ðÿäîâ è äëÿ ðàçëîæåíèÿ
ôóíêöèè â ðÿä Òåéëîðà ñ îïðåäåëåííûì êîëè÷åñòâîì ÷ëåíîâ ðÿäà.
Ðàññìàòðèâàþòñÿ ïðèìåðû.

Â øåñòîé ãëàâå îïèñàíû êîìàíäû äëÿ ðåøåíèÿ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé è ñèñòåì, à òàêæå ñèñòåì äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè.

Ñåäüìàÿ ãëàâà ïîñâÿùåíà ïîëèíîìèàëüíûì âû÷èñëåíèÿì. Ðàñ-
ñìàòðèâàþòñÿ êîìàíäû äëÿ âû÷èñëåíèÿ çíà÷åíèÿ ïîëèíîìà â òî÷êå,
ñóììèðîâàíèÿ ïîëèíîìà ïî ïåðåìåííûì, âû÷èñëåíèÿ áàçèñà Ãðåá-
íåðà ïîëèíîìèàëüíîãî èäåàëà íàä ðàöèîíàëüíûìè ÷èñëàìè. Äëÿ
êàæäîé êîìàíäû ïðèâîäèòñÿ ïðèìåð â ñèñòåìå Mathpar.

Â âîñüìîé ãëàâå îïèñûâàþòñÿ ìàòðè÷íûå ôóíêöèè � âû÷èñëå-
íèå òðàíñïîíèðîâàííîé ìàòðèöû, îïðåäåëèòåëÿ ìàòðèöû, ïðèñîåäè-
íåííîé è îáðàòíîé ìàòðèö, ýøåëîííîé ôîðìû ìàòðèöû, ÿäðà îïå-
ðàòîðà, õàðàêòåðèñòè÷åñêîãî ïîëèíîìà ìàòðèöû è äðóãèå.

Äåâÿòàÿ ãëàâà ïîñâÿùåíà ôóíêöèÿì òåîðèè âåðîÿòíîñòåé è ìà-
òåìàòè÷åñêîé ñòàòèñòèêè. Îïèñûâàåòñÿ çàäàíèå äèñêðåòíîé ñëó÷àé-
íîé âåëè÷èíû, êîìàíäû äëÿ âû÷èñëåíèÿ ìàòåìàòè÷åñêîãî îæèäà-
íèÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû, äèñïåðñèè, ñðåäíåãî êâàäðà-
òè÷íîãî îòêëîíåíèÿ, ñóììû, ïðîèçâåäåíèÿ äâóõ äèñêðåòíûõ ñëó÷àé-
íûõ âåëè÷èí, êîýôôèöèåíòà êîâàðèàöèè äèñêðåòíûõ ñëó÷àéíûõ âå-
ëè÷èí, êîýôôèöèåíòà êîððåëÿöèè, ïîñòðîåíèÿ ìíîãîóãîëüíèêà ðàñ-
ïðåäåëåíèÿ è ôóíêöèè ðàñïðåäåëåíèÿ äèñêðåòíîé ñëó÷àéíîé âåëè-
÷èíû. Â ýòîé ãëàâå ðàññìàòðèâàþòñÿ êîìàíäû äëÿ çàäàíèÿ âûáîðîê
è äëÿ âû÷èñëåíèÿ ôóíêöèé äëÿ íèõ: âûáîðî÷íîå ñðåäíåå, âûáîðî÷-
íàÿ äèñïåðñèÿ, êîýôôèöèåíò êîâàðèàöèè è êîýôôèöèåíò êîððåëÿ-
öèè äëÿ äâóõ âûáîðoê.

Ñèñòåìà Mathpar ïîçâîëÿåò ñîçäàâàòü ñâîè ïðîöåäóðû è ôóíê-
öèè. Äåñÿòàÿ ãëàâà ïîñâÿùåíà îïèñàíèþ ñïîñîáîâ ñîçäàíèÿ ïðîöå-
äóð â ñèñòåìå. Ïðèâåäåíû ïðèìåðû íàïèñàíèÿ ïðîöåäóð ñ èñïîëü-
çîâàíèåì îïåðàòîðîâ âåòâëåíèÿ è öèêëîâ.

Â îäèííàäöàòîé ãëàâå îïèñûâàþòñÿ êîìàíäû, êîòîðûå óïðàâ-
ëÿþò âû÷èñëåíèÿìè íà ñóïåðêîìïüþòåðå. Äëÿ ðåøåíèÿ âû÷èñëè-
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òåëüíûõ çàäà÷, êîòîðûå òðåáóþò áîëüøîãî âðåìåíè âû÷èñëåíèé èëè
áîëüøèõ îáúåìîâ ïàìÿòè, ðàçðàáîòàíû ñïåöèàëüíûå ôóíêöèè, êî-
òîðûå ïðåäîñòàâëÿþò ïîëüçîâàòåëþ ðåñóðñû ñóïåðêîìïüþòåðà. Ïðè
èñïîëüçîâàíèè ýòèõ ôóíêöèé âû÷èñëåíèÿ ïðîèçâîäÿòñÿ íå íà îäíîì
ïðîöåññîðå, à íà âûäåëåííîì ìíîæåñòâå ÿäåð ñóïåðêîìïüþòåðà, êî-
ëè÷åñòâî êîòîðûõ çàêàçûâàåò ïîëüçîâàòåëü. Ýòî òàêèå îïåðàöèè,
êàê âû÷èñëåíèå áàçèñà Ãðåáíåðà, ïðèñîåäèíåííîé ìàòðèöû, ñòóïåí-
÷àòîãî âèäà ìàòðèöû, îáðàòíîé ìàòðèöû, îïðåäåëèòåëÿ, ÿäðà ëè-
íåéíîãî îïåðàòîðà, õàðàêòåðèñòè÷åñêîãî ïîëèíîìà è äð.

Â äâåíàäöàòîé ãëàâå ïðèâåäåí ñïèñîê îñíîâíûõ îïåðàòîðîâ ñè-
ñòåìû Mathpar.

Îòìåòèì, ÷òî ãëàâíîå îòëè÷èå îò äðóãèõ ñèñòåì ñèìâîëüíûõ âû-
÷èñëåíèé � ýòî âûñîêàÿ ïðîèçâîäèòåëüíîñòü Mathpar ïðè ðåøå-
íèè çàäà÷, â êîòîðûõ ïðîâîäÿòñÿ ôóíêöèîíàëüíûå è ñèìâîëüíî-
÷èñëåííûå âû÷èñëåíèÿ ñ ìàòåìàòè÷åñêèìè îáúåêòàìè áîëüøîãî
ðàçìåðà. Ýòî äîñòèãàåòñÿ çà ñ÷åò èñïîëüçîâàíèÿ óíèêàëüíûõ àë-
ãîðèòìîâ äëÿ ïàðàëëåëèçàöèè ïðîöåññà âû÷èñëåíèÿ è âûïîëíåíèÿ
åãî íà ñóïåðêîìïüþòåðå.

Ñèñòåìà ìîæåò îêàçàòüñÿ ïîëåçíîé âî ìíîãèõ îáëàñòÿõ íàóêè è
òåõíèêè, ãäå òðåáóåòñÿ âûñîêàÿ òî÷íîñòü ïðè ðåøåíèè ìàòðè÷íûõ
çàäà÷ áîëüøîãî ðàçìåðà.

Àâòîðû âûðàæàþò áëàãîäàðíîñòü âñåì, êòî îêàçàë ïîìîùü â ñî-
çäàíèè äàííîãî ó÷åáíîãî ïîñîáèÿ. Áîëüøóþ ðàáîòó ïî ðåäàêòèðîâà-
íèþ è ðàçðàáîòêå çàäàíèé âûïîëíèëà àññèñòåíò êàôåäðû ìàòåìàòè-
÷åñêîãî àíàëèçà Îêñàíà Ïåðåñëàâöåâà. Â ñîçäàíèè ïîñîáèÿ ó÷àñòâî-
âàëè àñïèðàíòû êàôåäðû ìàòåìàòè÷åñêîãî àíàëèçà Èâàí Áîðèñîâ,
Åâãåíèé Äóáîâèöêèé, Ñâåòëàíà Òàðàðîâà, ÄìèòðèéØëÿïèí, Äìèò-
ðèé Èâàøîâ, Þðèé Þðèí, à òàêæå ñòóäåíòû 45 ãðóïïû Îëåã Áîá-
êîâ, Ñåðãåé Êèðååâ, Âëàäèñëàâ Ëóêàøèí, Þëèÿ Ìàòâååâà, Ëèëÿíà
Ðàåöêàÿ, Àëåêñàíäð Ïî÷òàðüêîâ, Àíòîí Ùåðáèíèí.

Èçëàãàåìûé ìàòåðèàë äîïîëíÿåò ñóùåñòâóþùóþ ó÷åáíóþ ëèòå-
ðàòóðó ïî ïðèìåíåíèÿì ñèñòåì êîìïüþòåðíîé àëãåáðû è ïàðàëëåëü-
íûì âû÷èñëåíèÿì.

Ó÷åáíîå ïîñîáèå ðàçðàáàòûâàëîñü ïðè ÷àñòè÷íîé ïîääåðæêå
ïðîãðàììû ÔÖÏ, ïðîåêò 2.1.1/10437.
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Ãëàâà 1

Çíàêîìñòâî ñ ñèñòåìîé

Ñèñòåìà Mathpar ïðåäíàçíà÷åíà äëÿ âûïîëíåíèÿ ÷èñëåííî-
àíàëèòè÷åñêèõ âû÷èñëåíèé, ïîñòðîåíèÿ 2D è 3D ãðàôèêîâ. Ñèñòåìà
ïîçâîëÿåò îïåðèðîâàòü ñ ôóíêöèÿìè è ôóíêöèîíàëüíûìè ìàòðè-
öàìè, ïîëó÷àòü êàê òî÷íûå ÷èñëåííî-àíàëèòè÷åñêèå ðåøåíèÿ, òàê
è ðåøåíèÿ, ó êîòîðûõ ÷èñëîâûå êîýôôèöèåíòû â àíàëèòè÷åñêèõ
âûðàæåíèÿõ èìåþò òðåáóåìóþ ñòåïåíü òî÷íîñòè. Èìååòñÿ âîçìîæ-
íîñòü ñîçäàíèÿ íåêîììóòàòèâíûõ è èäåìïîòåíòíûõ îáúåêòîâ.

Âõîäíîé ÿçûê ñèñòåìû, êîòîðûé îïèñûâàåòñÿ íèæå, íîñèò íà-
çâàíèå ÿçûêà ATeX. Îí ïðåäñòàâëÿåò ñîáîé íåêîòîðûé àêòèâíûé
äèàëåêò ÿçûêà TeX, êîòîðûé ïîçâîëÿåò âûïîëíÿòü âû÷èñëåíèÿ. Çà-
äàíèå è ðåçóëüòàò âû÷èñëåíèÿ, ïðåäñòàâëåíû íà ÿçûêå ATeX. Îä-
íàêî ñðàçó ïîñëå âû÷èñëåíèé ïîëüçîâàòåëü âèäèò âåñü òåêñò â pdf-
èçîáðàæåíèè, êàê ïðèíÿòî â íàó÷íûõ è òåõíè÷åñêèõ ïóáëèêàöèÿõ.

Ýòîò ðåçóëüòàò ìîæåò áûòü èñïîëüçîâàí äàëüøå íåñêîëüêèìè
ñïîñîáàìè:

1) Êëèêíóòü ïî íåìó ìûøêîé. Îí âåðíåòñÿ ê âèäó ÿçûêà ATeX.
Çàòåì ïðîäîëæèòü ðåäàêòèðîâàíèå è ðåøåíèå çàäà÷.

2) Êëèêíóòü ïî íåìó ïðàâîé êíîïêîé ìûøêè. Ïîÿâèòñÿ âûïàäà-
þùåå ìåíþ. Ïîëå ¾Show Source¿ ïîçâîëÿåò ïîëó÷èòü òåêñò â âèäå
ñòàíäàðòíîé çàïèñè â ÿçûêå TeX èëè â ÿçûêå MathML. Äëÿ ïåðåõî-
äà îò îäíîãî ÿçûêà ê äðóãîìó èìååòñÿ íàñòðîéêà â ïîëå ¾Format¿.
Ïîëó÷åííûé òåêñò íà ÿçûêå TeX èëè MathML ìîæíî ñêîïèðîâàòü
è ïîìåñòèòü â TeX-ôàéë èëè html-ôàéë äëÿ ïóáëèêàöèè.
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Ðèñ. 1.1. Ââîä äàííûõ â ðàáî÷åå ïîëå

1.1. Ââîä äàííûõ, çàïóñê çàäà÷è

Â âåðõíåé ÷àñòè ýêðàíà íàõîäèòñÿ ïîëå ââîäà, êóäà íóæíî ââî-
äèòü ìàòåìàòè÷åñêèå âûðàæåíèÿ. Äëÿ çàïóñêà ââåäåííîé çàäà÷è íà-
äî íàæàòü íà êíîïêó run .

Ïðèìåð ïîêàçàí íà ðèñ. 1.1.
Â ëåâîé ÷àñòè ýêðàíà íàõîäèòñÿ êíîïêà help � ýòî ïåðåõîä ê

ðàçäåëàì ïîìîùè. Íà âñåõ ñòðàíèöàõ ïîìîùè âñå ïîëÿ àêòèâíûå,
ñîäåðæàùèåñÿ òàì ïðèìåðû ìîæíî çàïóñêàòü. Ìîæíî êîïèðîâàòü
òåêñòû èç ïðèìåðîâ è ïåðåíîñèòü èõ â ïîëå ââîäà ïîëüçîâàòåëÿ.

Ïðè ââîäå çàäà÷è íåîáõîäèìî ðàçäåëÿòü ââîäèìûå âûðàæåíèÿ è
îïåðàòîðû èñïîëüçóÿ òî÷êó ñ çàïÿòîé (;). Íå ñòàâèòü òî÷êó ñ çàïÿ-
òîé ìîæíî òîëüêî îäèí ðàç � ïîñëå ïîñëåäíåãî îïåðàòîðà.

Äëÿ âûâîäà ðåçóëüòàòîâ íåîáõîäèìî èñïîëüçîâàòü êîìàíäó
\print(), ãäå â êà÷åñòâå àðãóìåíòîâ, ðàçäåëåííûõ çàïÿòûìè, ñëåäóåò
óêàçûâàòü èìåíà òåõ âûðàæåíèé, êîòîðûå òðåáóåòñÿ âûâåñòè. Åñëè
ñðåäè êîìàíä íå âñòðåòèëñÿ îïåðàòîð ïå÷àòè \print() èëè êàêîé-
íèáóäü äðóãîé îïåðàòîð âûâîäà (\plot(), \prints() è ò. ä.), òî áóäåò
âûâîäèòüñÿ ðåçóëüòàò, ïîëó÷åííûé â ïîñëåäíåì îïåðàòîðå.

Âñå êîìàíäû èëè îïåðàòîðû äîëæíû íà÷èíàòüñÿ ñ ñèìâîëà ¾back
slash¿ (\).

Äëÿ èñïîëüçîâàíèÿ êîììåíòàðèåâ íåîáõîäèìî ïîìåùàòü èõ ìåæ-
äó ñèìâîëàìè ïðîöåíò (%).

Äëÿ çàïóñêà çàäà÷è íóæíî íàæàòü êíîïêó run èëè â ïîëå ââîäà
íàæàòü ñî÷åòàíèå êëàâèø Ctrl+Enter.
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Êíîïêà Add Field ïðåäíàçíà÷åíà äëÿ äîáàâëåíèÿ ïîëåé ââîäà.
Äëÿ óäàëåíèÿ ïîëÿ ââîäà íóæíî íàæàòü ñî÷åòàíèå êëàâèø Ctrl+Del

â ýòîì ïîëå.
Â ïðàâîì íèæíåì óãëó ïîä ïîëåì ââîäà íàõîäÿòñÿ äâå íàäïè-

ñè ¾Substitution¿ è ¾Expand¿ ñ êâàäðàòíûìè îêîøêàìè àêòèâèçà-
öèè. Îíè ïðåäíàçíà÷åíû äëÿ óïðàâëåíèÿ ðåæèìàìè àâòîìàòè÷å-
ñêîé ïîäñòàíîâêè è óïðîùåíèÿ. Ïî óìîë÷àíèþ ýòè ðåæèìû âêëþ-
÷åíû. Ïðè íåîáõîäèìîñòè ïîëüçîâàòåëü ìîæåò âûêëþ÷èòü êàæäûé
ýòèõ ðåæèìîâ ïî ñâîåìó óñìîòðåíèþ. Âûêëþ÷åíèå ïåðâîãî èç íèõ
ïðèâåäåò ê òîìó, ÷òî îáúåêòû, ïîëó÷èâøèå èìåíà, íå áóäóò ïîä-
ñòàâëÿòüñÿ â ïîñëåäóþùèõ îïåðàòîðàõ, à áóäóò ñîõðàíÿòüñÿ â âèäå
àáñòðàêòíûõ èìåí. Âûêëþ÷åíèå âòîðîãî � ê òîìó, ÷òî ðàñêðûòèå
ñêîáîê è ïðèâåäåíèå ïîäîáíûõ íå áóäåò ïðîèñõîäèòü àâòîìàòè÷åñêè.

Êíîïêà Keyboard ïðåäíàçíà÷åíà äëÿ âûâîäà íà ýêðàí ïîëÿ

êëàâèàòóðû. Ýòî íóæíî òåì óñòðîéñòâàì, êîòîðûå íå èìåþò ñîá-

ñòâåííóþ êëàâèàòóðó. Ïîä êëàâèàòóðîé êíîïêà Mobile âêëþ÷àåò
êðàñíûé êóðñîð â ïîëå ââîäà, êîòîðûé î÷åíü ïîëåçåí ïðè íàáîðå ñ
ìîáèëüíûõ óñòðîéñòâ.

1.2. Ìàòåìàòè÷åñêèå ôóíêöèè

Ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ äëÿ ýëåìåíòàðíûõ ôóíêöèé è
êîíñòàíò.

1.2.1. Êîíñòàíòû

\i � ìíèìàÿ åäèíèöà;
\e � îñíîâàíèå íàòóðàëüíîãî ëîãàðèôìà;
\pi � ÷èñëî π, òî åñòü îòíîøåíèå äëèíû îêðóæíîñòè ê äèàìåòðó;
\infty � çíàê áåñêîíå÷íîñòè.

1.2.2. Ôóíêöèè îäíîãî àðãóìåíòà

\ln � íàòóðàëüíûé ëîãàðèôì;
\lg � äåñÿòè÷íûé ëîãàðèôì;
\sin � ñèíóñ;
\cos � êîñèíóñ;
\tg � òàíãåíñ;
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\ctg � êîòàíãåíñ;
\arcsin � àðêñèíóñ;
\arccos � àðêêîñèíóñ;
\arctg � àðêòàíãåíñ;
\arcctg � àðêêîòàíãåíñ;
\sh � ñèíóñ ãèïåðáîëè÷åñêèé;
\ch � êîñèíóñ ãèïåðáîëè÷åñêèé;
\th � òàíãåíñ ãèïåðáîëè÷åñêèé;
\cth � êîòàíãåíñ ãèïåðáîëè÷åñêèé;
\arcsh � àðêñèíóñ ãèïåðáîëè÷åñêèé;
\arcch � àðêêîñèíóñ ãèïåðáîëè÷åñêèé;
\arcth � àðêòàíãåíñ ãèïåðáîëè÷åñêèé;
\arccth � àðêêîòàíãåíñ ãèïåðáîëè÷åñêèé;
\exp � ýêñïîíåíòà;
\sqrt � êîðåíü êâàäðàòíûé;
\abs � àáñîëþòíîå çíà÷åíèå äëÿ äåéñòâèòåëüíûõ ÷èñåë, ìîäóëü

äëÿ êîìïëåêñíîãî ÷èñëà;
\sign � çíàê ÷èñëà. Âîçâðàùàåò 1, 0, -1, êîãäà ÷èñëî ïîëîæè-

òåëüíîå, íîëü èëè îòðèöàòåëüíîå, ñîîòâåòñòâåííî;
\unitStep(x) � ýòî ôóíêöèÿ, êîòîðàÿ ïðè x > 0 ïðèíèìàåò çíà-

÷åíèå 1, à ïðè x < 0 ïðèíèìàåò çíà÷åíèå 0;
\fact � ôàêòîðèàë. Îïðåäåëåí äëÿ öåëûõ ïîëîæèòåëüíûõ ÷èñåë.

Ðàâíîñèëüíàÿ çàïèñü � ¾n!¿.

1.2.3. Ôóíêöèè äâóõ àðãóìåíòîâ

� � ñòåïåíü;
\log � ëîãàðèôì îò ôóíêöèè ïî óêàçàííîìó îñíîâàíèþ;
\root(n, x) � êîðåíü ñòåïåíè n èç x;
\Gamma � ôóíêöèÿ Ãàììà;
\Gamma2 � ôóíêöèÿ Ãàììà 2;
\binomial � ÷èñëî ñî÷åòàíèé.

Ïðèìåðû:

SPACE=R64[x, y];

f1=\sin(x);

f2=\sin(\cos(x+\tg(y)));

f3=\sin(x^2)+y;

\print(f1, f2, f3);
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Ðåçóëüòàò âûïîëíåíèÿ:
SPACE = R64[x, y];
f1 = sin(x);
f2 = sin(cos(x+ tg(y)));
f3 = sin(x2) + y.

1.3. Äåéñòâèÿ ñ ôóíêöèÿìè

Äëÿ ïåðå÷èñëåííûõ âûøå ôóíêöèé è èõ êîìïîçèöèé â ñèñòåìå
Mathpar ìîæíî âû÷èñëèòü çíà÷åíèå ôóíêöèè â òî÷êå, ïîäñòàâèòü
âûðàæåíèÿ â ôóíêöèþ âìåñòî àðãóìåíòîâ, âû÷èñëèòü ïðåäåë ôóíê-
öèè, åå ïðîèçâîäíóþ. Äëÿ ýòîãî îïðåäåëåíû ñëåäóþùèå êîìàíäû:

� Äëÿ âû÷èñëåíèÿ çíà÷åíèÿ ôóíêöèè â òî÷êå íåîáõîäèìî âûïîë-
íèòü êîìàíäó \value(f, [var1, var2, . . . , varn]), ãäå f � ôóíê-
öèÿ, à var1, var2, . . . , varn � çíà÷åíèÿ ñîîòâåòñòâóþùèõ ïåðå-
ìåííûõ êîëüöà.

� Äëÿ ïîäñòàíîâêè âûðàæåíèé â ôóíêöèþ íåîáõîäèìî âûïîë-
íèòü êîìàíäó \value(f, [func1, func2, . . . , funcn]), ãäå f � ýòî
ôóíêöèÿ, func1, func2, . . . , funcn � ôóíêöèè, êîòîðûå ïîä-
ñòàâëÿþòñÿ âìåñòî ñîîòâåòñòâóþùèõ ïåðåìåííûõ.

� Äëÿ âû÷èñëåíèÿ ïðåäåëà ôóíêöèè â òî÷êå íåîáõîäèìî âûïîë-
íèòü êîìàíäó \lim(f, var), ãäå f � ýòî ôóíêöèÿ, à var � òî÷êà,
â êîòîðîé òðåáóåòñÿ íàéòè ïðåäåë.

� Äëÿ âû÷èñëåíèÿ ïðîèçâîäíîé ôóíêöèè f ïî ïåðåìåííîé y èç
êîëüöà Z[x, y, z] íåîáõîäèìî âûïîëíèòü êîìàíäó \D(f, y).
Äëÿ íàõîæäåíèÿ ñìåøàííîé ïðîèçâîäíîé ïåðâîãî ïîðÿäêà îò
ôóíêöèè f ñóùåñòâóåò êîìàíäà \D(f, [x, y]), äëÿ íàõîæäåíèÿ
ïðîèçâîäíîé âûñøèõ ïîðÿäêîâ íóæíî èñïîëüçîâàòü êîìàíäó
\D(f, [xˆk, zˆm, yˆn]), ãäå k,m, n óêàçûâàþò, êàêîãî ïîðÿäêà
ïî ñîîòâåòñòâóþùåé ïåðåìåííîé âû÷èñëÿåòñÿ ïðîèçâîäíàÿ.

Ïðèìåðû:

1. SPACE=R[x, y];

f=\sin(x^2+\tg(y^3+x));

g=\value(f, [1, 2]);

\print(g);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y];

f = sin(x2 + tg(y3 + x));
g = value(f, [1, 2]);
print(g);

out: g = 0.52.

2. SPACE=Z[x, y];

f=x+y;

g=f^2;

r=\value(f, [x^2, y^2]);

\print(g, f, r);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

f = x+ y;
g = f2;
r = value(f, [x2, y2]);
print(g, f, r);

out: g = y2 + 2yx+ x2;
f = y + x;
r = x2 + y2.

3. SPACE=R64[x];

f=\sin(x)/x;

g=\lim(f, 0);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

f = sin(x)/x;
g = lim(f, 0);
print(g);

out: g = 1.00.

4. SPACE=Z[x, y];

f=\sin(x^2+ \tg(y^3+x));

h= \D(f, y);

\print(h);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

f = sin(x2 + tg(y3 + x));
h = D(f, y);
print(h);

out: h = 3y2cos(x2 + tg(y3 + x))/(cos(y3 + x))2.

1.4. Ðåøåíèå àëãåáðàè÷åñêèõ óðàâíåíèé

Äëÿ ðåøåíèÿ àëãåáðàè÷åñêèõ óðàâíåíèé íóæíî âûïîëíèòü êî-
ìàíäó \solve. Íèæå èñïîëüçóåòñÿ êîìàíäà íàñòðîéêè îêðóæåíèÿ
¾FLOATPOS=N¿. Îíà óñòàíàâëèâàåò ÷èñëî äåñÿòè÷íûõ çíàêîâ ïî-
ñëå çàïÿòîé (N), êîòîðûå äîëæíû ïîÿâèòüñÿ ïðè âûâîäå ÷èñëîâîãî
ðåçóëüòàòà ïðèáëèæåííûõ âû÷èñëåíèé. Îíà ñâÿçàíà íå ñ ïðîöåññîì
âû÷èñëåíèé, à òîëüêî ñ âûâîäîì. Ïî óìîë÷àíèþ FLOATPOS = 2.

Ïðèìåðû:

1. SPACE=R64[x];

b=\solve(x^2-5x+6=0);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

b = solve(x2 − 5x+ 6 = 0);
out: [2.00, 3.00].

2. SPACE=R64[x];

FLOATPOS=6;

b=\solve(x^4 +2x +1=0);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

FLOATPOS = 6;
b = solve(x4 + 2x+ 1 = 0);

out: [(0.771845 + 1.115143i),
(0.771845− 1.115143i), −0.543689, −1.000000].

3. SPACE=R64[x];

FLOATPOS=0;

b=\solve(x^3+3x^2+3x+1=0);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

FLOATPOS = 0;
b = solve(x3 + 3x2 + 3x+ 1 = 0);

out: [−1,−1,−1].

1.5. Âåêòîðû è ìàòðèöû

Äëÿ çàäàíèÿ âåêòîðà íóæíî ïåðå÷èñëèòü åãî ýëåìåíòû â êâàä-
ðàòíûõ ñêîáêàõ. Òàê çàäàþòñÿ âåêòîð-ñòðîêè. Äëÿ çàäàíèÿ ìàòðè-
öû íóæíî çàêëþ÷èòü â êâàäðàòíûå ñêîáêè ñïèñîê åå âåêòîð-ñòðîê,
íàïðèìåð, A = [[1, 2], [3, 4]].

Ýëåìåíò ìàòðèöû ìîæíî ïîëó÷èòü, óêàçàâ íîìåð ñòðîêè è ñòîëá-
öà â äâóõ íèæíèõ èíäåêñàõ ó ìàòðèöû, à ýëåìåíò âåêòîðà ìîæíî
ïîëó÷èòü, óêàçàâ åãî íîìåð íèæíèì èíäåêñîì ó âåêòîðà: A_{i, j}
äëÿ ìàòðèö è A_{i} äëÿ âåêòîðà.

Ìîæíî ïîëó÷èòü ñòðîêó ìàòðèöû â âèäå âåêòîð-ñòðîêè è ñòîë-
áåö ìàòðèöû â âèäå âåêòîð-ñòîëáöà. Âåêòîð-ñòðîêà ïîëó÷àåòñÿ óêà-
çàíèåì íîìåðà ñòðîêè â ïåðâîì èíäåêñå è çíàêà ¾âîïðîñ¿ âî âòîðîì
èíäåêñå, íàïðèìåð, A_{i, ?}. Âåêòîð-ñòîëáåö ïîëó÷àåòñÿ óêàçàíè-
åì íîìåðà ñòîëáöà âî âòîðîì èíäåêñå è çíàêà ¾âîïðîñ¿ â ïåðâîì
èíäåêñå, íàïðèìåð, A_{?, j}.

Èìåíà íåêîììóòàòèâíûõ îáúåêòîâ, íàïðèìåð, ìàòðèö è âåêòî-
ðîâ, íàäî ïèñàòü ñ çàãëàâíîé ëàòèíñêîé áóêâû.

Äëÿ îáîçíà÷åíèÿ íóëåâîé è åäèíè÷íîé ìàòðèöû èñïîëüçóþòñÿ
çàãëàâíûå áóêâû O è I, ó êîòîðûõ óêàçàíû äâà èíäåêñà, îáîçíà÷à-
þùèõ ÷èñëî ñòðîê è ñòîëáöîâ. Ñ ïîìîùüþ ñèìâîëà I ìîæíî ñîçäà-
âàòü ïðÿìîóãîëüíûå ìàòðèöû ëþáîãî ðàçìåðà, ó êîòîðûõ ýëåìåíòû
íà ãëàâíîé äèàãîíàëè ðàâíû 1, à îñòàëüíûå ýëåìåíòû íóëåâûå. Íà-

ïðèìåð, I_{2, 3} è O_{2, 2} îáîçíà÷àþò ìàòðèöû

(
1 0 0
0 1 0

)
è(

0 0
0 0

)
. Ìîæíî çàäàâàòü íóëåâûå âåêòîðû, óêàçûâàÿ â èíäåêñå

÷èñëî ýëåìåíòîâ: O_{3} îáîçíà÷àåò âåêòîð [0, 0, 0], à I_{3} îáî-
çíà÷àåò âåêòîð [1, 0, 0].

Âåêòîð-ñòîëáåö ìîæåò áûòü îáðàçîâàí òðàíñïîíèðîâàíèåì
âåêòîð-ñòðîêè, íàïðèìåð, D = [7, 2, 3]T � ýòî âåêòîð-ñòîëáåö èç
òðåõ ýëåìåíòîâ.
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Àðèôìåòè÷åñêèå îïåðàöèè îáîçíà÷àþòñÿ îáû÷íûìè çíàêàìè
¾+¿, ¾-¿, ¾*¿.

Ïðèìåðû:

1. SPACE=Z[x];

A=[[x, 4], [y, 5]];

V=[x, y, 1, 2, x^6];

\print(A, V);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A = [[x, 4], [y, 5]];
V = [x, y, 1, 2, x6];
print(A, V );

out: A =

(
x 4
y 5

)
;

V = [x, y, 1, 2, x6].

2. A=[[3, 4], [3, 1]];

B=[[2, 5], [4, 7]];

C=A+B;

G=A-B;

T=A*B;

\print(C, G, T);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
3 4
3 1

)
;

B =

(
2 5
4 7

)
;

C = A+B;
G = A−B;
T = A ∗B;
print(C,G, T );

out: C =

(
5 9
7 8

)
;

G =

(
1 −1
−1 −6

)
;

T =

(
22 43
10 22

)
.
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3. SPACE=Z[x];

A=[[1, 4], [-4, 5]];

det=A_{1, 1}*A_{2, 2}-A_{1, 2}*A_{2, 1};

\print(det);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 4
−4 5

)
;

det = A1,1 ∗A2,2 −A1,2 ∗A2,1;
print(det);

out: det = 21.

4. SPACE=R64[x];

A=[[3, 4], [3, 1]];

A_{1, 2}=-7x;

A_{2, 2}=x;

A_{1, 1}=7x;

A_{2, 1}=A_{2, 1}*x;

\print(A);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

A =

(
3 4
3 1

)
;

A1,2 = −7x;
A2,2 = x;
A1,1 = 7x;
A2,1 = A2,1 ∗ x;
print(A);

out: A =

(
7.00x −7.00x
3.00x x

)
.

5. SPACE=Z[x, y];

A=[[x^2, y], [4, x+y]];

B=A_{1, ?};

C=A_{?, 2}; h=B_{2, 1}*C_{1, 2};

\print(B, C, h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];
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A =

(
x2 y
4 x+ y

)
;

B = A1,?;
C = A?,2;
h = B2,1 ∗ C1,2;
print(B,C, h);

out: B =

(
x2

4

)
;

C =
(
4 y + x

)
;

h = (4y + 4x).

6. SPACE=Z[x, y];

A=3x*I_{2, 2};

B=O_{3, 3};

\print(A, B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A = 3x ∗ I2,2;
B = O3,3;
print(A,B);

out: A =

(
3x 0
0 3x

)
;

B =

 0 0 0
0 0 0
0 0 0

 .

1.6. Ãåíåðàöèÿ ñëó÷àéíûõ ýëåìåíòîâ

Â ñèñòåìå Mathpar åñòü âîçìîæíîñòü ãåíåðàöèè ñëó÷àéíûõ ÷è-
ñåë, ïîëèíîìîâ è ìàòðèö.

1.6.1. Ãåíåðàöèÿ ÷èñåë

Äëÿ òîãî ÷òîáû ïîëó÷èòü ñëó÷àéíîå ÷èñëî, íåîáõîäèìî âûïîë-
íèòü êîìàíäó:
\randomNumber(k), ãäå â àðãóìåíòå k óêàçûâàåòñÿ êîëè÷åñòâî áèò
ñëó÷àéíîãî ÷èñëà.
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Ïðèìåð:

a=\randomNumber(10);

b=\randomNumber(100);

\print(a, b);

Ðåçóëüòàò âûïîëíåíèÿ:
a = 944;
b = 850800798881527094755736477974.

1.6.2. Ãåíåðàöèÿ ïîëèíîìîâ

Äëÿ òîãî ÷òîáû ñîçäàòü ñëó÷àéíûé ïîëèíîì îò s ïåðåìåííûõ,
íåîáõîäèìî âûïîëíèòü êîìàíäó:
\randomPolynom(d1, d2, . . . , ds, dens, bits), ãäå dens � ïëîòíîñòü
ïîëèíîìà, à bits � êîëè÷åñòâî áèò êîýôôèöèåíòîâ, d1, d2, . . . , ds
îçíà÷àþò ñòàðøèå ñòåïåíè ïåðåìåííûõ.

Ïðèìåð:

f=\randomPolynom(4, 4, 10, 5);

g=\randomPolynom(4, 4, 10, 5);

h=f+g;

e=\expand(h);

\print(f, g, h, e);

Ðåçóëüòàò âûïîëíåíèÿ:
f = y3x3;
g = 10yx3 + 2y;
h = y3x3 + 10yx3 + 2y;
e = y3x3 + 10yx3 + 2y.

1.6.3. Ãåíåðàöèÿ ìàòðèö

Äëÿ òîãî ÷òîáû ïîëó÷èòü ñëó÷àéíóþ ÷èñëîâóþ ìàòðèöó, íåîáõî-
äèìî âûïîëíèòü êîìàíäó:
\randomMatrix(m,n, dens, bits), ãäå m � êîëè÷åñòâî ñòðîê â ìàò-
ðèöå, n � êîëè÷åñòâî ñòîëáöîâ ìàòðèöû, dens � ýòî ïëîòíîñòü ìàò-
ðèöû, bits � êîëè÷åñòâî áèò åå êîýôôèöèåíòîâ.

Äëÿ òîãî ÷òîáû ïîëó÷èòü ñëó÷àéíóþ ïîëèíîìèàëüíóþ ìàòðèöó,
íåîáõîäèìî âûïîëíèòü êîìàíäó:
\randomMatrix(m,n, dens, d1, d2, . . . , ds, pol_dens, pol_bits)), ãäå
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m � êîëè÷åñòâî ñòðîê â ìàòðèöå, n � êîëè÷åñòâî ñòîëáöîâ ìàò-
ðèöû, dens � ýòî ïëîòíîñòü ìàòðèöû, d1, d2, . . . , ds � íàèáîëüøèå
ñòåïåíè ïåðåìåííûõ ïîëèíîìîâ, pol_dens � ïëîòíîñòü ïîëèíîìîâ,
pol_bits � êîëè÷åñòâî áèò êîýôôèöèåíòîâ ïîëèíîìîâ.

Ïðèìåð:

matr_n=\randomMatrix(4, 4, 100, 5);

matr_p=\randomMatrix(2, 2, 100, 1, 1, 4, 25, 3);

\print(matr_n, matr_p);

Ðåçóëüòàò âûïîëíåíèÿ:

matrn =


22 2 10 28
23 28 1 19
30 24 19 12
27 22 22 17

 ;

matrp =

(
6z3x+ 7z3 + 5z2 + 3y 7z4x+ 2z4 + 7zyx+ 5x

z4yx+ 2zy + 7y + 7x+ 4 7z2x+ 7zx+ z + 6x

)
.

1.7. Êîíòðîëüíûå çàäàíèÿ

1. Â ñèñòåìå Mathpar âû÷èñëèòå:

� ln 5, sin 5, cos 3, ctg 7, arctg 1, sh 0, arcch 0.5, exp 8, 12!,
√
100;

�
√

sin2(5x− 1) + expx/ cos(2x) ïðè x = 0.1, x = 1;

� log3 8,
3
√
50;

� çíà÷åíèå ôóíêöèè f = sin(cos(x+ tan(y))) ïðè x = 0.2 è y = 1.

2. Ñîçäàéòå äâà ñëó÷àéíûõ âåêòîðà ðàâíîé äëèíû. Íàéäèòå èõ
ñóììó è ïðîèçâåäåíèå.
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Ãëàâà 2

Ïîñòðîåíèå 2D è 3D

ãðàôèêîâ

2.1. Ïîñòðîåíèå ãðàôèêîâ ôóíêöèé

Ñèñòåìà Mathpar ïîçâîëÿåò ñòðîèòü ãðàôèêè ôóíêöèé, çàäàí-
íûõ ÿâíî, ïàðàìåòðè÷åñêè èëè ïî òî÷êàì. Ìîæíî âûïîëíèòü ïî-
ñòðîåíèå íåñêîëüêèõ ãðàôèêîâ â îäíîé ñèñòåìå êîîðäèíàò.

Òðè ïîñëåäíèõ ñòðî÷íûõ àðãóìåíòà ìîæíî èñïîëüçîâàòü äëÿ çà-
äàíèÿ íàèìåíîâàíèé îñåé êîîðäèíàò è íàçâàíèÿ âñåãî ãðàôèêà. Íè-
æå ïðèâåäåí ïðèìåð, â êîòîðîì ââåäåíû òàêèå ñòðîêè: ¾x¿, ¾y¿,
¾Functions f1, f2, f3, f4¿.

2.1.1. ßâíîå çàäàíèå ôóíêöèè

Äëÿ ïîñòðîåíèÿ ãðàôèêà ôóíêöèè f = f(x) èñïîëüçóåòñÿ êîìàí-
äà:
\plot(f, [x0, x1, y0, y1]), ãäå [x0, x1] � èíòåðâàë ïî îñè OX, [y0, y1] �
èíòåðâàë ïî îñè OY . Ñîêðàùåííûé âàðèàíò: \plot(f, [x0, x1]).

Ïîëó÷åííûé ãðàôèê ìîæíî çàãðóçèòü ñ ñàéòà. Äëÿ ýòîãî ïîä

ïîëåì ãðàôèêà íóæíî êëèêíóòü íà êíîïêó Download . Ôàéë ñ ãðà-
ôèêîì áóäåò çàãðóæåí íà êîìïüþòåð ïîëüçîâàòåëÿ.

Ïðèìåðû:

1. f=x^2+\tg(x^2-1);

p1=\plot(f, [-10, 10, -10, 10]);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: f = x2 + tg(x2 − 1);

p1 = plot(f, [−10, 10, −10, 10]);
out: ðèñ. 2.1.

Ðèñ. 2.1. Ãðàôèê ôóíêöèè f = x2 + tg(x2 − 1)

2. f=\sin(x);

p3=\plot([f, \tg(x)], [-10, 10, -10, 10]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: f = sin(x);

p3 = plot([f, tg(x)], [−10, 10, −10, 10]);
out: ðèñ. 2.2.

2.1.2. Ôóíêöèè, çàäàííûå ïàðàìåòðè÷åñêè

Äëÿ ïîñòðîåíèÿ ãðàôèêîâ ôóíêöèé, êîòîðûå çàäàíû ïàðàìåòðè-
÷åñêè, íåîáõîäèìî âûïîëíèòü êîìàíäó:
\paramPlot([f, g], [t0, t1]), ãäå f = x(t), g = y(t) � ôóíêöèÿ, çà-
äàííàÿ ïàðàìåòðè÷åñêè, [t0, t1] � èíòåðâàë çíà÷åíèé äëÿ èçìåíåíèÿ
ïàðàìåòðà.
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Ðèñ. 2.2. Ãðàôèêè ôóíêöèé f = sin(x) è g = tg(x)

Ïðèìåð:

g=\sin(x);

k=\cos(x);

f=\paramPlot([g, k], [-10, 10]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: g = sin(x);

k = cos(x);
f = paramPlot([g, k], [−10, 10]);

out: ðèñ. 2.3.

2.1.3. Ôóíêöèè, êîòîðûå çàäàíû òàáëèöåé çíà÷å-

íèé

Äëÿ ïîñòðîåíèÿ ãðàôèêà ôóíêöèè, çàäàííîé òàáëèöåé ïàð êîîð-
äèíàò òî÷åê íà ãðàôèêå (x1, y1), (x2, y2), . . . , (xn, yn), íåîáõîäèìî
âûïîëíèòü êîìàíäó:
\tablePlot([x1, x2, x3, . . . , xn], [y1, y2, y3, . . . , yn], [xmin, xmax,
ymin, ymax]), ãäå [xmin, xmax] � èíòåðâàë ïî îñè OX,
[ymin, ymax] � èíòåðâàë ïî îñè OY .

Ïðèìåð:
p=\tablePlot([[0, 1, 4, 9, 16, 25], [0, 1, 2, 3, 4, 5]],

[-10, 10, -10, 10]);
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Ðèñ. 2.3. Ãðàôèê ôóíêöèè, çàäàííîé ïàðàìåòðè÷åñêè

Ðåçóëüòàò âûïîëíåíèÿ:
in:
p = tableP lot([[0, 1, 4, 9, 16, 25], [0, 1, 2, 3, 4, 5]], [−10, 10, −10, 10]);
out: ðèñ. 2.4.

2.1.4. Ïîñòðîåíèå ðàçíûõ ãðàôèêîâ ôóíêöèé â

îäíîé ñèñòåìå êîîðäèíàò

Äëÿ ïîñòðîåíèÿ ãðàôèêîâ ôóíêöèé, çàäàííûõ ðàçíûìè ñïîñîáà-
ìè, íåîáõîäèìî ñíà÷àëà ïîñòðîèòü ãðàôèê êàæäîé ôóíêöèè, à çàòåì
âûïîëíèòü êîìàíäó:
\Showgraf([f1, f2, . . . , fn]).

Ìîæíî óêàçûâàòü ïîäïèñè ïî îñÿì ãðàôèêà è åãî çàãîëîâîê. Äëÿ
ýòîãî äîñòàòî÷íî âûïîëíèòü êîìàíäó:
\Showgraf([f1, f2, f3, f4], ["x", "y", "title"]), óêàçàâ âìåñòî "x" �
ïîäïèñü ïî îñè OX, âìåñòî "y" � ïîäïèñü ïî îñè OY, âìåñòî "title"�
çàãîëîâîê ãðàôèêà. Ïî óìîë÷àíèþ èñïîëüçóåòñÿ ["x", "y", " "].
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Ðèñ. 2.4. Ãðàôèê ôóíêöèè, çàäàííîé òàáëèöåé çíà÷åíèé

Ïðèìåð:

f1=\plot(\tg(x), [-20, 20, -20, 20]);

f2=\tablePlot([[0, 1, 4, 9, 16, 25], [0, 1, 2, 3, 4, 5]],

[-10, 10, -10, 10]);

f3=\paramPlot([\sin(x), \cos(x)], [-10, 10]);

f4=\tablePlot([[0, 1, 4, 9, 16, 25],

[0, -1, -2, -3, -4, -5]], [-10, 10, -10, 10]);

\Showgraf([f1, f2, f3, f4],

["x", "y", "The functions f1, f2, f3, f4, f5"]);

Ðåçóëüòàò çàïóñêà ïðèìåðà � ðèñ. 2.5.

2.2. Ïîñòðîåíèå 3D ãðàôèêîâ ôóíêöèé

Ñèñòåìà Mathpar ïîçâîëÿåò ñòðîèòü 3D ãðàôèêè ôóíêöèé, êî-
òîðûå çàäàíû ÿâíî.

Äëÿ ïîñòðîåíèÿ 3D ãðàôèêà ôóíêöèè f = f(x, y) èñïîëüçóåòñÿ
êîìàíäà:
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Ðèñ. 2.5. Ãðàôèêè ôóíêöèé, çàäàííûõ ðàçíûìè ñïîñîáàìè

\plot3d(f, [x0, x1, y0, y1]), ãäå [x0, x1] � èíòåðâàë ïî îñè OX,
[y0, y1] � èíòåðâàë ïî îñè OY .

Êðîìå òîãî, ïîëó÷åííûå ãðàôèêè ìîæíî âðàùàòü è óâåëè÷èâàòü
ëèáî óìåíüøàòü.

Ïåðåìåùåíèå ìûøè ñ íàæàòîé ëåâîé êíîïêîé ïðèâîäèò ê âðà-
ùåíèþ ñèñòåìû êîîðäèíàò ãðàôèêà. Ïîñëå îñòàíîâêè ïðîèñõîäèò
ïåðåðèñîâêà ãðàôèêà â íîâîé ïîâåðíóòîé ñèñòåìå êîîðäèíàò.

Ïåðåìåùåíèå ìûøè ñ íàæàòîé ëåâîé êíîïêîé è íàæàòîé êëà-
âèøåé Shift ïðèâîäèò ê èçìåíåíèþ ìàñøòàáà èçîáðàæåíèÿ. Ïîñëå
îñòàíîâêè ïåðåìåùåíèÿ ïðîèñõîäèò ïåðåðèñîâêà ãðàôèêà â íîâîì
ìàñøòàáå.

Ïðèìåðû:

1. f=x^2/20+y^2/20;

\plot3d(f, [-20, 20, -20, 20]);

2. \plot3d([x/20+y^2/20, x^2/20+y/20], [-20, 20, -20, 20]);

Ðåçóëüòàò âûïîëíåíèÿ:
in: f = x2/20 + y2/20;
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plot3d(f, [−20, 20,−20, 20]);
plot3d([x/20 + y2/20, x2/20 + y/20], [−20, 20,−20, 20]);

out: ðèñ. 2.6.

Ðèñ. 2.6. Ïîñòðîåíèå 3D ãðàôèêîâ ôóíêöèé

2.3. Êîíòðîëüíûå çàäàíèÿ

Â ñèñòåìå Mathpar ïîñòðîéòå ãðàôèêè ôóíêöèé:

� f(x) = x2 + 2y;

� f(x) =
√

sin2(5x− 1) + expx;

� f(x, y) = sin(cos(x+ tan(y))).
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Ãëàâà 3

Âûáîð îêðóæåíèÿ äëÿ

ìàòåìàòè÷åñêèõ îáúåêòîâ

3.1. Îêðóæåíèå

Ïðåæäå ÷åì áóäåò çàäàí ëþáîé ìàòåìàòè÷åñêèé îáúåêò, ÷èñëî,
ôóíêöèÿ èëè ñèìâîë, äîëæíî áûòü ÿñíî îïðåäåëåíî îêðóæåíèå �
ïðîñòðàíñòâî, â êîòîðîì áóäóò îïðåäåëÿòüñÿ îáúåêòû. Â ýòîé ãëàâå
îïèñûâàþòñÿ ñïîñîáû çàäàíèÿ îêðóæåíèÿ â ñèñòåìå Mathpar. Ïåðå-
ìåùåíèå èç íåêîòîðîãî îêðóæåíèÿ â òåêóùåå, êàê ïðàâèëî, äîëæíî
âûïîëíÿòüñÿ ÿâíî, ñ ïîìîùüþ ôóíêöèè toNewRing. Â íåêîòîðûõ
ñëó÷àÿõ òàêîå ïðåîáðàçîâàíèå ê òåêóùåìó îêðóæåíèþ ïðîèñõîäèò
àâòîìàòè÷åñêè.

Äëÿ âûáîðà îêðóæåíèÿ çàäàåòñÿ àëãåáðàè÷åñêîå ïðîñòðàíñòâî

ïåðåìåííûõ. Îíî îïðåäåëÿåòñÿ èìåíàìè ïåðåìåííûõ è ÷èñëîâûìè
ïðîñòðàíñòâàìè, â êîòîðûõ ýòè ïåðåìåííûå ïðèíèìàþò çíà÷åíèÿ.
Ïîðÿäîê ïåðåìåííûõ â ñïèñêå ïåðåìåííûõ çàäàåò ëèíåéíûé ïîðÿ-
äîê íà ýòèõ ïåðåìåííûõ. Ñëåâà íàïðàâî ðàñïîëàãàþòñÿ ïåðåìåííûå,
óïîðÿäî÷åííûå ïî ñòàðøèíñòâó îò ìëàäøèõ ê ñòàðøèì.

Ïî óìîë÷àíèþ îïðåäåëåíî ïðîñòðàíñòâî øåñòè öåëî÷èñëåííûõ
ïåðåìåííûõ Z[x, y, z]Z[u, v, w], êîòîðûå ðàçäåëåíû íà äâå ãðóïïû ïî
òðè ïåðåìåííûå: ñàìàÿ ìëàäøàÿ � x, ñàìàÿ ñòàðøàÿ � w.

Â ëþáîé ìîìåíò ïîëüçîâàòåëü ìîæåò ñìåíèòü îêðóæåíèå, çàäàâ
íîâîå àëãåáðàè÷åñêîå ïðîñòðàíñòâî ïåðåìåííûõ ñ ïîìîùüþ êîìàí-
äû óñòàíîâêè ¾SPACE=¿. Íàïðèìåð, äëÿ çàäà÷ âû÷èñëèòåëüíîé ìà-
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òåìàòèêè ìîæåò áûòü äîñòàòî÷íî ïðîñòðàíñòâà òèïà R64[x, y, z]. Êî-
ìàíäà óñòàíîâêè: ¾SPACE=R64[x, y, z];¿.

Âñå îñòàëüíûå èìåíà, êîòîðûå íå óêàçàíû â êà÷åñòâå ïåðåìåí-
íûõ, ìîãóò âûáèðàòüñÿ ïîëüçîâàòåëåì ïðîèçâîëüíî äëÿ îáîçíà÷åíèÿ
ìàòåìàòè÷åñêèõ îáúåêòîâ. Ýòî ñâîáîäíûå ïåðåìåííûå. Íåîáõîäèìî
ïðèäåðæèâàòüñÿ îäíîãî âàæíîãî ïðàâèëà. Åñëè èìÿ ñâîáîäíîé ïå-
ðåìåííîé íà÷èíàåòñÿ ñ çàãëàâíîé áóêâû (âåðõíèé ðåãèñòð), òî òà-
êàÿ ïåðåìåííàÿ îáîçíà÷àåò ýëåìåíò àëãåáðû, ó êîòîðîé îïåðàöèÿ

óìíîæåíèÿ íåêîììóòàòèâíàÿ, à åñëè ñî ñòðî÷íîé áóêâû (íèæíèé
ðåãèñòð) � îïåðàöèÿ óìíîæåíèÿ êîììóòàòèâíàÿ.

3.2. ×èñëîâûå ìíîæåñòâà

Îïðåäåëåíû ñëåäóþùèå ÷èñëîâûå ìíîæåñòâà:
Z � ìíîæåñòâî öåëûõ ÷èñåë Z;
Zp � êîíå÷íîå ïîëå èç p=MOD ýëåìåíòîâ Z/pZ, MOD � ïîñòî-

ÿííàÿ (ñì. ï. 3.6);
Zp32 � êîíå÷íîå ïîëå èç p=MOD32 ýëåìåíòîâ Z/pZ, MOD32

ìåíüøå 231 (ñì. ï. 3.6);
Z64 � êîëüöî öåëûõ ÷èñåë z òàêèõ, ÷òî −263 6 z < 263;
Q � ìíîæåñòâî ðàöèîíàëüíûõ ÷èñåë;
R � ìíîæåñòâî ÷èñåë ñ ïëàâàþùåé òî÷êîé äëÿ õðàíåíèÿ ïðè-

áëèæåííûõ äåéñòâèòåëüíûõ ÷èñåë ñ ïðîèçâîëüíîé ìàíòèññîé;
R64 � ìíîæåñòâî ÷èñåë ñ ïëàâàþùåé òî÷êîé äëÿ õðàíåíèÿ ïðè-

áëèæåííûõ äåéñòâèòåëüíûõ ÷èñåë ñ äâîéíîé òî÷íîñòüþ (ñî ñòàí-
äàðòíîé 52-ðàçðÿäíîé ìàíòèññîé è îòäåëüíûì 11-ðàçðÿäíûì ïîëåì
äëÿ õðàíåíèÿ ïîðÿäêà);

R128 � ñòàíäàðòíûå 64-áèòíûå ÷èñëà ñ ïëàâàþùåé òî÷êîé äëÿ
õðàíåíèÿ ïðèáëèæåííûõ äåéñòâèòåëüíûõ ÷èñåë ñî ñòàíäàðòíîé 52-
ðàçðÿäíîé ìàíòèññîé è îòäåëüíûì 64-ðàçðÿäíûì ïîëåì äëÿ õðàíå-
íèÿ ïîðÿäêà;

C � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà R;
C64 � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà R64;
C128 � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà R128;
CZ � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà Z;
SZp � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà Zp;
CZp32 � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà Zp32;
SZ64 � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà Z64;
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CQ � êîìïëåêñíûé êëàññ, îáðàçîâàííûé èç êëàññà Q.
Ïðèìåðû ïðîñòûõ ïîëèíîìèàëüíûõ êîëåö:

SPACE = Z [x, y, z];
SPACE = R64 [u, v];
SPACE = C [x].

3.3. Îïðåäåëåíèå íåñêîëüêèõ ÷èñëîâûõ

ìíîæåñòâ

Ðàçðåøàåòñÿ óñòàíàâëèâàòü àëãåáðàè÷åñêèå ïðîñòðàíñòâà
èç íåñêîëüêèõ ÷èñëîâûõ ìíîæåñòâ, íàïðèìåð, ïðîñòðàíñòâî
¾C[z]R[x, y]Z[n, m]¿ ïîçâîëÿåò ðàáîòàòü ñ ïÿòüþ èìåíàìè ïåðåìåí-
íûõ, îïðåäåëåííûõ â ìíîæåñòâàõ C, R è Z ñîîòâåòñòâåííî. Ïåðâîå
ìíîæåñòâî ñ÷èòàåòñÿ îñíîâíûì. Ïðè íåîáõîäèìîñòè ê íåìó áóäóò
ïðèâîäèòüñÿ âñå îñòàëüíûå ïåðåìåííûå. Â äàííîì ñëó÷àå ýòî C.

Åãî ìîæíî ðàññìàòðèâàòü êàê êîëüöî ïîëèíîìîâ ïÿòè ïåðåìåí-
íûõ íàä C, ïðè ýòîì îíî îáëàäàåò äîïîëíèòåëüíûìè ñâîéñòâàìè.
Åñëè ïîëèíîì íå ñîäåðæèò ïåðåìåííîé z, òî ýòî ïîëèíîì ñ êîýôôè-
öèåíòàìè èç R. Åñëè ïîëèíîì íå ñîäåðæèò ïåðåìåííûõ z, x, y, òî
ýòî ïîëèíîì ñ êîýôôèöèåíòàìè èç Z.

Ïðèìåðû:
SPACE=Z[x, y]Z[u];
SPACE=R64[u, v]Z[a, b];
SPACE=C[x]R[y, z];
Êîëüöî ¾Z[x, y, z]Z[u, v, w]¿, â êîòîðîì øåñòü ïåðåìåííûõ ðàç-

äåëåíû íà äâå ãðóïïû, ìîæíî èñïîëüçîâàòü äëÿ çàäà÷, â êîòîðûõ
ñòðîÿòñÿ ïîëèíîìû, ó êîòîðûõ êîýôôèöèåíòû ÿâëÿþòñÿ ïîëèíîìà-
ìè èëè ôóíêöèÿìè äðóãèõ ïåðåìåííûõ. Íàïðèìåð, õàðàêòåðèñòè-
÷åñêèé ïîëèíîì äëÿ ìàòðèöû íàä êîëüöîì Z[x, y, z] áóäåò ïîëó-
÷åí êàê ïîëèíîì ñ íåèçâåñòíîé u, êîýôôèöèåíòû êîòîðîãî ëåæàò â
êîëüöå Z[x, y, z].

3.4. Ãðóïïîâûå àëãåáðû

Íåêîììóòàòèâíûå îáðàçóþùèå ãðóïïû äîëæíû íà÷èíàòüñÿ ñ
ïðîïèñíûõ ëàòèíñêèõ áóêâ (âåðõíèé ðåãèñòð). Ñèìâîë G îáîçíà-
÷àåò ãðóïïîâóþ àëãåáðó. Ïîñëå íåãî ñòîèò ñïèñîê îáðàçóþùèõ, à
ïåðåä íèì � ïðîñòðàíñòâî, â êîòîðîì äåéñòâóåò ãðóïïà.

41



Ïðèìåðû ñâîáîäíûõ ãðóïïîâûõ àëãåáð:
SPACE=Z[x, y]G[U, V]; (îáðàçóþùèå U, V);
SPACE=R64[u, v]G[A, B]; (îáðàçóþùèå A, B);
SPACE=C[]G[X, Y, Z, T]; (îáðàçóþùèå X, Y, Z, T).
Êàæäûé ýëåìåíò àëãåáðû ÿâëÿåòñÿ ñóììîé òåðìîâ ñ êîýôôèöè-

åíòàìè, êîòîðûå ÿâëÿþòñÿ ôóíêöèÿìè. Íàïðèìåð, ¾R64[x, y]G[X, Y,
Z]¿ � ýòî ñâîáîäíàÿ ãðóïïîâàÿ àëãåáðà ñ òðåìÿ íåêîììóòàòèâíûìè
îáðàçóþùèìè X, Y, Z íàä ôóíêöèÿìè â R64[x, y]. Òîãäà, íàïðèìåð,
A = (t2 + 1)X + sin(t)Y + 3X2y3 + (t2 + 1)XY 3X2Y −2x2 � ýëåìåíò
òàêîé àëãåáðû.

3.5. Èäåìïîòåíòíûå àëãåáðû. Òðîïè÷å-

ñêàÿ ìàòåìàòèêà

Êðîìå êëàññè÷åñêèõ ÷èñëîâûõ àëãåáð ñ îïåðàöèÿìè ¾+, -, *¿ è
îïåðàöèåé ¾/¿ äëÿ ïîëåé, ïîëüçîâàòåëþ áóäóò äîñòóïíû è èäåì-
ïîòåíòíûå àëãåáðû. Äëÿ ÷èñëîâîãî ìíîæåñòâà R64 ìîæíî áóäåò
èñïîëüçîâàòü àëãåáðû R64MaxPlus, R64MinPlus, R64MaxMin,
R64MinMax, R64MaxMult, R64MinMult. Äëÿ ÷èñëîâîãî ìíîæå-
ñòâà R ìîæíî áóäåò èñïîëüçîâàòü àëãåáðû RMaxPlus, RMinP lus,
RMaxMin, R64MinMax, RMaxMult, RMinMult. Äëÿ ÷èñëîâî-
ãî ìíîæåñòâà Z ìîæíî áóäåò èñïîëüçîâàòü àëãåáðû ZMaxPlus,
ZMinP lus, ZMaxMin, ZMinMax, ZMaxMult, ZMinMult.

Â òåêóùåé âåðñèè ìîæíî èñïîëüçîâàòü àëãåáðó ZMaxPlus.

Ïðèìåð:

SPACE=ZMaxPlus[x, y];

a=2; b=9; c=a+b; d=a*b; \print(c, d)

Ðåçóëüòàò âûïîëíåíèÿ:
c = 9;
d = 11.

3.6. Êîíñòàíòû

Ìîæíî óñòàíîâèòü èëè çàìåíèòü ñëåäóþùèå ïîñòîÿííûå:
ACCURACY � ÷èñëî òî÷íûõ äåñÿòè÷íûõ ïîçèöèé ïîñëå çàïÿòîé

äëÿ ÷èñåë òèïà R â îïåðàöèÿõ óìíîæåíèÿ è äåëåíèÿ.
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FLOATPOS � ÷èñëî äåñÿòè÷íûõ çíàêîâ ïîñëå çàïÿòîé, êîòîðûå
âûâîäÿòñÿ íà ïå÷àòü.

ZERO_R � ìàøèííûé íîëü äëÿ ÷èñåë òèïà R.
ZERO_R64 � ìàøèííûé íîëü äëÿ ÷èñåë òèïà R64.
MOD32 � ìîäóëü äëÿ ïðîñòîãî ïîëÿ, íå ïðåâîñõîäÿùèé 231.
MOD � ìîäóëü òèïà Z äëÿ ïðîñòîãî ïîëÿ.
Äëÿ óñòàíîâêè ìàøèííîãî íîëÿ 1/109 (ò. å. 1E−9) íóæíî ââåñòè

êîìàíäó ¾ZERO_R=9¿.

Ïðèìåð:

SPACE=Zp32[x, y];

MOD32=7;

f1=37x+42y+55;

f2=2f1;

\print(f1, f2 );

Ðåçóëüòàò âûïîëíåíèÿ:
f1 = 2x− 1;
f2 = 4x+ 5.

3.7. Êîíòðîëüíûå çàäàíèÿ

Â ñèñòåìå Mathpar âû÷èñëèòå:

� çíà÷åíèå ôóíêöèè f(x) =
√

sin2(5x− 1) + ex â R ïðè x = 7;

� çíà÷åíèå ôóíêöèè f(x) = x3 + 10x â Z/(11)Z ïðè x = 7.
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Ãëàâà 4

Ôóíêöèè îäíîé è

íåñêîëüêèõ ïåðåìåííûõ

4.1. Ìàòåìàòè÷åñêèå ôóíêöèè

Ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ äëÿ ýëåìåíòàðíûõ ôóíêöèé è
êîíñòàíò.

4.1.1. Êîíñòàíòû

\i � ìíèìàÿ åäèíèöà;
\e � îñíîâàíèå íàòóðàëüíîãî ëîãàðèôìà;
\pi � ÷èñëî π, ò. å. îòíîøåíèå äëèíû îêðóæíîñòè ê äèàìåòðó;
\infty � çíàê áåñêîíå÷íîñòè.

4.1.2. Ôóíêöèè îäíîãî àðãóìåíòà

\ln � íàòóðàëüíûé ëîãàðèôì;
\lg � äåñÿòè÷íûé ëîãàðèôì;
\sin � ñèíóñ;
\cos � êîñèíóñ;
\tg � òàíãåíñ;
\ctg �êîòàíãåíñ;
\arcsin � àðêñèíóñ;
\arccos � àðêêîñèíóñ;
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\arctg � àðêòàíãåíñ;
\arcctg � àðêêîòàíãåíñ;
\sh � ñèíóñ ãèïåðáîëè÷åñêèé;
\ch � êîñèíóñ ãèïåðáîëè÷åñêèé;
\th � òàíãåíñ ãèïåðáîëè÷åñêèé;
\cth � êîòàíãåíñ ãèïåðáîëè÷åñêèé;
\arcsh � àðêñèíóñ ãèïåðáîëè÷åñêèé;
\arcch � àðêêîñèíóñ ãèïåðáîëè÷åñêèé;
\arcth � àðêòàíãåíñ ãèïåðáîëè÷åñêèé;
\arccth � àðêêîòàíãåíñ ãèïåðáîëè÷åñêèé;
\exp � ýêñïîíåíòà;
\sqrt � êîðåíü êâàäðàòíûé;
\abs � àáñîëþòíîå çíà÷åíèå äëÿ äåéñòâèòåëüíûõ ÷èñåë, ìîäóëü

äëÿ êîìïëåêñíîãî ÷èñëà;
\sign � çíàê ÷èñëà. Âîçâðàùàåò 1, 0, -1, êîãäà ÷èñëî ïîëîæè-

òåëüíîå, íîëü èëè îòðèöàòåëüíîå ñîîòâåòñòâåííî;
\unitStep(x, a) � ýòî ôóíêöèÿ, êîòîðàÿ ïðè x > 0 ïðèíèìàåò

çíà÷åíèå 1, à ïðè x < 0 ïðèíèìàåò çíà÷åíèå 0;
\fact � ôàêòîðèàë. Îïðåäåëåí äëÿ öåëûõ ïîëîæèòåëüíûõ ÷èñåë.

Ìîæíî ïèñàòü â ïðèâû÷íîì âèäå, íàïðèìåð, ¾5!¿.

4.1.3. Ôóíêöèè äâóõ àðãóìåíòîâ

� � ñòåïåíü;
\log � ëîãàðèôì îò ôóíêöèè ïî óêàçàííîìó îñíîâàíèþ;
\root(n, x) � êîðåíü ñòåïåíè n èç x;
\Gamma � ôóíêöèÿ Ãàììà;
\Gamma2 � ôóíêöèÿ Ãàììà 2;
\binomial � ÷èñëî ñî÷åòàíèé.

Ïðèìåðû:
SPACE=R64[x, y];

f1=\sin(x);

f2=\sin(\cos(x+\tg(y)));

f3=\sin(x^2)+y;

\print(f1, f2, f3);
Ðåçóëüòàò âûïîëíåíèÿ:

f1 = sin(x);
f2 = sin(cos(x+ tg(y)));
f3 = sin(x2) + y.
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4.2. Âû÷èñëåíèå çíà÷åíèé ôóíêöèè â

òî÷êå

Äëÿ âû÷èñëåíèÿ çíà÷åíèÿ ôóíêöèè â òî÷êå íåîáõîäèìî âûïîë-
íèòü êîìàíäó:
\value(f, [var1, var2, . . . , varn]), ãäå f � ôóíêöèÿ, à
var1, var2, . . . , varn � çíà÷åíèÿ ñîîòâåòñòâóþùèõ ïåðåìåííûõ.

Äëÿ òðèãîíîìåòðè÷åñêèõ ôóíêöèé ìåðîé óãëà ñ÷èòàåòñÿ ðàäèàí
èëè ãðàäóñ. Óêàçàíèå ìåðû óãëà îïðåäåëÿåòñÿ êîíñòàíòîé RADIAN.
Åñëè íå óêàçûâàòü óãëîâóþ ìåðó, òî óãëîâîé ìåðîé âûáèðàåòñÿ ðà-
äèàí. ×òîáû ïîìåíÿòü óãëîâóþ ìåðó ñ ðàäèàí íà ãðàäóñû, íóæíî
âûïîëíèòü êîìàíäó ¾RADIAN=0;¿. Åñëè æå íóæíî ïîìåíÿòü óã-
ëîâóþ ìåðó ñ ãðàäóñîâ íà ðàäèàíû, òî íóæíî âûïîëíèòü êîìàíäó
¾RADIAN=1;¿.

Åñëè àðãóìåíòàìè ÿâëÿþòñÿ öåëûå ÷èñëà 15k è 18k ãðàäóñîâ èëè
πk/12 è πk/10 ðàäèàí (k ∈ Z), òî çíà÷åíèÿìè òðèãîíîìåòðè÷åñêèõ
ôóíêöèé ÿâëÿþòñÿ àëãåáðàè÷åñêèå ÷èñëà.

Ïðèìåðû:

1. SPACE=R[x, y];

f=\sin(x^2+\tg(y^3+x));

g=\value(f, [1, 2]);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y];

f = sin(x2 + tg(y3 + x));
g = value(f, [1, 2]); print(g);

out: g = 0.52.

2. SPACE=Z[x];

RADIAN=0;

f=\sin(x);

g=\value(f, 15);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

RADIAN = 0;
f = sin(x);
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g = value(f, 15);
print(g);

out: g = (
√
6− (

√
2))/(4).

3. SPACE= Z[x];

RADIAN=0;

f=\sin(x);

g=\value(f, 225);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
g = (−1 ·

√
2)/(2).

4. SPACE= Z[x];

RADIAN=0;

f=\cos(x);

g=\value(f, 54);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:

g =
√
(5−

√
5)/(8)

5. SPACE= Z[x];

RADIAN=0;

f=\tg(x);

g=\value(f, 126);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:

g = (−1 ·
√
(1 + 2 ·

√
5/(5))).

6. SPACE= Z[x];

RADIAN=0;

f=\sin(x);

g=\value(f, 216);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:

g = (−1 ·
√

(5−
√
5)/(8)).

48



7. SPACE= Z[x];

RADIAN=0;

f=\cos(x);

g=\value(f, 108);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
g = (1−

√
5)/(4).

4.3. Ïîäñòàíîâêà âûðàæåíèé â ôóíêöèè

Äëÿ âû÷èñëåíèÿ êîìïîçèöèè ôóíêöèé íóæíî ïîäñòàâëÿòü â
ôóíêöèþ âìåñòî åå àðãóìåíòîâ äðóãèå ôóíêöèè. Äëÿ ýòîãî íåîá-
õîäèìî âûïîëíèòü êîìàíäó:
\value(f, [func1, func2, . . . , funcn]), ãäå f � äàííàÿ ôóíêöèÿ,
func1, func2, . . . , funcn � ôóíêöèè, êîòîðûå ïîäñòàâëÿþòñÿ âìåñòî
ñîîòâåòñòâóþùèõ ïåðåìåííûõ.

Ïðèìåð:

SPACE=Z[x, y];

f=x+y; g=f^2;

r=\value(g, [x^2, y^2]);

\print(r);

Ðåçóëüòàò âûïîëíåíèÿ:
in: g = y2 + 2yx+ x2;

f = y + x;
out: r = y4 + 2y2x2 + x4.

4.4. Âû÷èñëåíèå ïðåäåëà ôóíêöèè â òî÷êå

Äëÿ âû÷èñëåíèÿ ïðåäåëà ôóíêöèè â òî÷êå íåîáõîäèìî âûïîë-
íèòü êîìàíäó: \lim(f, var), ãäå f � ýòî ôóíêöèÿ, à var � òî÷êà,
âîçìîæíî áåñêîíå÷íàÿ, â êîòîðîé òðåáóåòñÿ íàéòè ïðåäåë, êîíå÷-
íûé èëè áåñêîíå÷íûé.

Ïðèìåðû:

1. SPACE=R64[x];

f=\sin(x)/x;

g=\lim(f, 0);

\print(g);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

f = sin(x)/x;
g = lim(f, 0);
print(g);

out: g = 1.00.

2. SPACE=R64[x];

f=(x^2-2x+2)/(x^2+x-2);

g=\lim(f, 1);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

f = (x2 − 2x+ 2)/(x2 + x− 2);
g = lim(f, 1);
print(g);

out: g =∞.

3. SPACE=R64[x];

f=\sin(x+3)/(x^2+6x+9);

g=\lim(f, -3);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

f = sin(x+ 3)/(x2 + 6x+ 9);
g = lim(f,−3);
print(g);

out: g =∞.

4. SPACE=R64[x];

f=(1+1/x)^x;

g=\lim(f, \infty);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[x];

f = (1 + 1/x)x;
g = lim(f,∞);
print(g);

out: g = 2.72.
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4.5. Äèôôåðåíöèðîâàíèå ôóíêöèé

Äëÿ âû÷èñëåíèÿ ïðîèçâîäíîé ôóíêöèè f ïî ïåðåìåííîé y èç
êîëüöà Z[x, y, z] íåîáõîäèìî âûïîëíèòü êîìàíäó \D(f, y). Âû÷èñ-
ëåíèå òðåòüåé ïðîèçâîäíîé ïî y ìîæíî âûïîëíèòü \D(f, yˆ3). Åñëè
íåîáõîäèìî íàéòè ïðîèçâîäíóþ ôóíêöèè f îäèí ðàç ïî ïåðâîé ïå-
ðåìåííîé èç òåêóùåãî êîëüöà (â äàííîì ñëó÷àå x) ìîæíî çàïèñàòü
\D(f).

Äëÿ íàõîæäåíèÿ ñìåøàííîé ïðîèçâîäíîé ïåðâîãî ïîðÿäêà
îò ôóíêöèè f ñóùåñòâóåò êîìàíäà \D(f, [x, y]), äëÿ íàõîæäå-
íèÿ ïðîèçâîäíîé âûñøèõ ïîðÿäêîâ íóæíî èñïîëüçîâàòü êîìàíäó
\D(f, [xˆk, zˆm, yˆn]), ãäå k,m, n óêàçûâàþò, êàêîãî ïîðÿäêà ïî ñî-
îòâåòñòâóþùåé ïåðåìåííîé âû÷èñëÿåòñÿ ïðîèçâîäíàÿ.

Ïðèìåðû:

1. SPACE=Z[x, y];

f=\sin(x^2+ \tg(y\^3+x));

h= \D(f, y);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

f = sin(x2 + tg(y3 + x));
h = D(f, y);
print(h);

out: h = 3y2cos(x2 + tg(y3 + x))/(cos(y3 + x))2.

2. SPACE=Z[x, y];

f=\sin(x^2+ \tg(y^3+x));

h= \D(f);

\print(h);
Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

f = sin(x2 + tg(y3 + x));
h = D(f);
print(h);

out: h = (2x cos(x2 + tg(y3 + x))(cos(y3 + x))2 + cos(x2 + tg(y3 +
x)))/(cos(y3 + x))2.

3. SPACE=Z[x, y, z];

f=x^8y^4z^9;
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g=\D(f, [x^2, y^2, z^2]);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y, z];

f = x8y4z9;
g = D(f, [x2, y2, z2]);
print(g);

out: g = 48384z7y2x6.

4.6. Èíòåãðèðîâàíèå êîìïîçèöèé ýëåìåí-

òàðíûõ ôóíêöèé

Ñèìâîëüíîå èíòåãðèðîâàíèå êîìïîçèöèé ýëåìåíòàðíûõ ôóíê-
öèé âûïîëíÿåòñÿ êîìàíäîé:
\int(f(x))dx.

Ïðèìåðû:

1. SPACE=Z[x, y, z]Z[u, v, w];

n=\int((x+2)/(x^2+4x+2))d x;

dn=\D(n);

\print(n, dn);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y, z]Z[u, v, w];

n =
∫
((x+ 2)/(x2 + 4x+ 2))dx;

dn = D(n);
print(n, dn);

out: n = 1/2 · ln(x2 + 4x+ 2);
dn = (x+ 2)/(x2 + 4x+ 2).

2. SPACE=Z[x, y, z]Z[u, v, w];

l=\int(x^6+x-2)d x;

dl=\D(l);

\print(l, dl);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y, z]Z[u, v, w];

l =
∫
(x6 + x− 2)dx;

dl = D(l);
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print(l, dl);
out: l = 1/7x7 + 1/2x2 − 2x;

dl = x6 + x− 2.

4.7. Êîíòðîëüíûå çàäàíèÿ

Â ñèñòåìå Mathpar:

� ïîäñòàâüòå â ôóíêöèþ f(x) =
√

sin2(5x− 1) + ex âìåñòî x âû-
ðàæåíèå x+ y, à âìåñòî y � 5;

� íàéäèòå lim(x3 + 10x)/x2 ïðè x→ 0;

� íàéäèòå ïðîèçâîäíóþ ôóíêöèè f(x) =
√
sin2(5x− 1) + ex;

� íàéäèòå
2∫
0

(x3 + 10x)dx.
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Ãëàâà 5

Ðÿäû

Ðÿä çàäàåòñÿ â âèäå f=\sum_{i = k}ˆ{\infty} F (i, x, y, . . . , z),
ãäå i � èíäåêñ ñóììèðîâàíèÿ, k � íà÷àëüíîå çíà÷åíèå i,
F (i, x, y, . . . , z) � ôóíêöèÿ ìíîãèõ ïåðåìåííûõ, ò.å. F ìîæåò çàâè-
ñåòü è îò i.

Íàä ðÿäàìè îïðåäåëåíû àðèôìåòè÷åñêèå îïåðàöèè: ñëîæåíèå,
âû÷èòàíèå è óìíîæåíèå.

Ïóñòü f è g � ðÿäû.
Äëÿ ñëîæåíèÿ äâóõ ðÿäîâ íåîáõîäèìî âûïîëíèòü êîìàíäó:

\seriesAdd(f, g).
Äëÿ ðàçíîñòè äâóõ ðÿäîâ íåîáõîäèìî âûïîëíèòü êîìàíäó:

\seriesSubtract(f, g).
Äëÿ óìíîæåíèÿ äâóõ ðÿäîâ íåîáõîäèìî âûïîëíèòü êîìàíäó:

\seriesMultiply(f, g).
Äëÿ ðàçëîæåíèÿ ôóíêöèè â ðÿä Òåéëîðà ñ îïðåäåëåí-

íûì êîëè÷åñòâîì ÷ëåíîâ ðÿäà íåîáõîäèìî âûïîëíèòü êîìàíäó
\teilor(f, point, num), ãäå f �ôóíêöèÿ, point� òî÷êà, num� îáùåå
êîëè÷åñòâî ÷ëåíîâ ðÿäà.

Ïðèìåðû:

1. SPACE=R[x, y];

f=\sum_{a=2}^{\infty} (2xyab);

g=\sum_{b=4}^{\infty} (ya\sin(abx));

h=\seriesAdd(f, g);

\print(f, g, h);

Ðåçóëüòàò âûïîëíåíèÿ:
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f =
∞∑
a=2

2.00yxab;

g =

∞∑
b=4

ya sin(abx);

h = (

∞∑
a0=4

(2.00yxa0b+ ya sin(aa0x)) +

3∑
a=2

(2.00yxab)).

2. SPACE=R[x, y];

f=\sum_{a=1}^{\infty} (xya\cos(b));

g=\sum_{b=2}^{\infty} (56x^4a\cos(abx));

h=\seriesSubtract(f, g);

\print(f, g, h);

Ðåçóëüòàò âûïîëíåíèÿ:

f =

∞∑
a=1

yxa cos(b);

g =

∞∑
b=2

56.00x4a cos(abx);

h = (

∞∑
a0=2

(yxa0 cos(b)− 56.00x4a cos(aa0x)) + yx cos(b)).

3. SPACE=R[x, y];

f=\sum_{a=5}^{\infty} (2x^2ydab);

g=\sum_{b=1}^{\infty} (5y^8x^2bl\cos(a_1x));

h=\seriesSubtract(f, g);

\print(f, g, h);

Ðåçóëüòàò âûïîëíåíèÿ:

f =

∞∑
a=5

2.00yx2dab;

g =

∞∑
b=1

5.00y8x2bl cos(a1x);
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h = (

∞∑
a=5

(2.00yx2dab− 5.00y8x2al cos(a1x))

−
4.0∑
b=1

(5.00y8x2bl cos(a1x))).

4. SPACE=R[x, y];

f=\sum_{a=6}^{\infty} (xaa_0);

g=\sum_{a=9}^{\infty} (56x^4a\cos(a_1x));

h=\seriesMultiply(f, g);

\print(f, g, h);

Ðåçóëüòàò âûïîëíåíèÿ:

f =

∞∑
a=6

xaa0;

g =

∞∑
a=9

56.00x4a cos(a1x);

h =

∞∑
a2=6

∞∑
a=9

xa2a0 · 56.00x4a cos(a1x).

5. SPACE=R[x, y];

f=\sum_{a=6}^{\infty} (\sin(xa)\cos(gy)a_0);

g=\sum_{a=9}^{\infty} (6x^2a\sin(axy^2));

h=\seriesMultiply(f, g);

\print(f, g, h);

Ðåçóëüòàò âûïîëíåíèÿ:

f =

∞∑
a=6

sin(xa) cos(

∞∑
a=9

56.00x4a cos(a1x)y)a0;

g =

∞∑
a=9

6.00x2a sin(axy2);

h =

∞∑
a2=6

∞∑
a=9

sin(xa2) cos(

∞∑
a2=9

56.00x4a2 cos(a1x)y)a06.00x
2a sin(axy2).
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6. SPACE=R[x];

FLOATPOS=15;

a=\teilor(\sin(x), 0, 7);

c=\value(a);

\print(a, c);

Ðåçóëüòàò âûïîëíåíèÿ:
a = ((−x7)/(7!) + x5/(5!) + (−x3)/(3!) + x/(1!));
c = (−0.000198412698412x7 + 0.008333333333333x5 −
0.166666666666666x3 + x).

5.1. Êîíòðîëüíûå çàäàíèÿ

Â ñèñòåìå Mathpar :

� ðàçëîæèòå ôóíêöèþ f(x) = sin2(5x− 1) â ðÿä Òåéëîðà;

� ñîçäàéòå äâà ñëó÷àéíûõ ðÿäà ñ ïîëèíîìèàëüíûìè ÷ëåíàìè,
èñïîëüçóÿ ãåíåðàöèþ ïîëèíîìîâ. Íàéäèòå ñóììó, ðàçíîñòü è
ïðîèçâåäåíèå ïîëó÷åííûõ ðÿäîâ.
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Ãëàâà 6

Ðåøåíèå

äèôôåðåíöèàëüíûõ

óðàâíåíèé è èõ ñèñòåì

6.1. Ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíå-

íèé

Äëÿ ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êî-
ýôôèöèåíòàìè íåîáõîäèìî âûïîëíèòü ñëåäóþùèå øàãè:

1. Çàäàòü ïðîñòðàíñòâî ïåðåìåííûõ (SPACE).

2. Çàäàòü óðàâíåíèå (\systLDE).

3. Çàäàòü íà÷àëüíûå óñëîâèÿ (\initCond).

4. Ïîëó÷èòü ðåøåíèå (\solveLDE).

Ïðèìåðû:
1. SPACE=R64[t];

ZERO_R64=8;

g=\systLDE(\d(y, t, 3)+3\d(y, t, 2)+3\d(y, t)+y=1);

f=\initCond(\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=0,

\d(y, t, 0, 2)=0);

h=\solveLDE(g, f);

\print(h);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

ZERO_R64 = 8;
g = y

′′′

t + 3y
′′

t + 3y′t + y = 1;

f =


yt=0 = 0,

y
′

t=0 = 0,

y
′′

t=0 = 0,
h = solveLDE(g, f);
print(h);

out: h = (1.00 + (−t2)e−t/2.00)− (te−t + e−t).

2. SPACE=R64[t];

ZERO_R64=8;

g=\systLDE(\d(y, t, 2)-2\d(y, t)+y=\exp(t));

f=\initCond(\d(y, t, 0, 0)=1, \d(y, t, 0, 1)=2);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

ZERO_R64 = 8;
g = y

′′

t − 2y′t + y = et;

f =

{
yt=0 = 1,

y
′

t=0 = 2,
h = solveLDE(g, f);
print(h);

out: h = ett2/2.00 + tet + et.

3. SPACE=R64[t];

ZERO_R64=8;

g=\systLDE(\d(y, t, 2)+\d(y, t)-12y=3);

f=\initCond(\d(y, t, 0, 0)=1, \d(y, t, 0, 1)=0);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

ZERO_R64 = 8;
g = y

′′

t + y′t − 12y = 3;

f =

{
yt=0 = 1,

y
′

t=0 = 0,

60



h = solveLDE(g, f);
print(h);

out: h = 1.11e−1.62t + 2.89e0.62t − 3.00.

4. SPACE=R64[t];

ZERO_R64=8;

g=\systLDE(\d(y, t)-2y=0);

f=\initCond(\d(y, t, 0, 0)=1);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

ZERO_R64 = 8;
g = y′t − 2y = 0;
f = yt=0 = 1;
h = solveLDE(g, f);
print(h).

out: h = et;

5. SPACE=R64[t];

ZERO_R64=8;

g=\systLDE(\d(y, t, 2)-4y=4t);

f=\initCond(\d(y, t, 0, 0)=a, \d(y, t, 0, 1)=b);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

ZERO_R64 = 8;
g = y

′′

t − 4y = 4t;

f =

{
yt=0 = a,

y
′

t=0 = b,
h = solveLDE(g, f);
print(h);

out: h = (−8.00 + (−2.00b) + 2.00a)/4.00e−t + (8.00 + 2.00b +
2.00a)/4.00et − 4.00t.
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6.2. Ðåøåíèå ñèñòåì äèôôåðåíöèàëüíûõ

óðàâíåíèé

Äëÿ ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿí-
íûìè êîýôôèöèåíòàìè íåîáõîäèìî âûïîëíèòü ñëåäóþùèå øàãè:

1. Çàäàòü ïðîñòðàíñòâî ïåðåìåííûõ (SPACE).

2. Çàäàòü ñèñòåìó óðàâíåíèé (\systLDE).

3. Çàäàòü íà÷àëüíûå óñëîâèÿ (\initCond).

4. Ïîëó÷èòü ðåøåíèå (\solveLDE).

Ïðèìåðû:

1. SPACE=R64[t];

g=\systLDE(\d(x, t)-y+z=0, -x-y+\d(y, t)=0, -x-z+\d(z, t)=0);

f= \initCond(\d(x, t, 0, 0)=1, \d(y, t, 0, 0)=2,

\d(z, t, 0, 0)=3);

h= \solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

 x′t − y + z = 0,
−x− y + y′t = 0,
−x− z + z′t = 0,

f =

 xt=0 = 1,
yt=0 = 2,
zt=0 = 3,

h = solveLDE(g, f);
print(h);

out: h = [(−2.00) + 5.00et + (−1.00et)t, 2.00 + (−1.00et), (−2.00) +
4.00et + (−1.00et)t].

2. SPACE=R64[t];

g=\systLDE(\d(x, t, 2)+\d(x, t)-\d(y, t)=1,

\d(x, t)+x-\d(y, t, 2)=1+4\exp(t));

f=\initCond(\d(x, t, 0, 0)=1, \d(x, t, 0, 1)=2,

\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=1);

h= \solveLDE(g, f);

\print(h);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x

′′

t + x′t − y′t = 1,

x′t + x− y′′

t = 1 + 4et,

f =


xt=0 = 1,

x
′

t=0 = 2,
yt=0 = 0,

y
′

t=0 = 1,
h = solveLDE(g, f);
print(h);

out: h = [1.00+2.00et+(−1.00et)t+(−2.00e−t)+(−1.00e−t)t, (−2.00)+
(−1.00t) + 3.00et + (−2.00et)t+ (−1.00e−t)].

3. SPACE=R64[t];

g=\systLDE(3\d(x, t)+2x+\d(y, t)=1, \d(x, t)+4\d(y, t)+3y=0);

f=\initCond(\d(x, t, 0, 0)=0, \d(x, t, 0, 1)=0,

\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=0);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
3x′t + 2x+ y′t = 1,
x′t + 4y′t + 3y = 0,

f =


xt=0 = 0,

x
′

t=0 = 0,
yt=0 = 0,

y
′

t=0 = 0,
h = solveLDE(g, f);
print(h);

out: h = [0.50 + (−0.30e−0.55t) + (−0.20e−t), (−0.20e−0.55t) + 0.20e−t].

4. SPACE=R64[t];

g=\systLDE(\d(x, t)+3x-4y=9\exp(2t),

2x+\d(y, t)-3y=3\exp(2t));

f=\initCond(\d(x, t, 0, 0)=2, \d(y, t, 0, 0)=0);

h=\solveLDE(g, f);

\print(h);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x′t + 3x− 4y = 9e2t,
2x+ y′t − 3y = 3e2t,

f =

{
xt=0 = 2,
yt=0 = 0,

h = solveLDE(g, f);
print(h);

out: h = [et + e2.00t, et + (−1.00e2.00t)].

5. SPACE=R64[t];

g=\systLDE(\d(x, t)-x-2y=0, \d(y, t)-2x-y=1);

f=\\initCond(\d(x, t, 0, 0)=0, \d(y, t, 0, 0)=5);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x′t − x− 2y = 0,
y′t − 2x− y = 1,

f =

{
xt=0 = 0,
yt=0 = 5,

h = solveLDE(g, f);
print(h);

out: h = [(−0.67) + 0.17e3.00t +0.50e−t, 0.33+ (−0.50e−t) + 0.17e3.00t].

6. SPACE=R64[t];

g=\systLDE(\d(x, t, 2)+\d(y, t)+y=\exp(t)-t,

\d(x, t)-x+2\d(y, t, 2)-y=-\exp(-t));

f=\initCond(\d(x, t, 0, 0)=1, \d(x, t, 0, 1)=2,

\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=0);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x

′′

t + y′t + y = et − t,
x′t − x+ 2y

′′

t − y = −e−t,
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f =


xt=0 = 1,

x
′

t=0 = 2,
yt=0 = 0,

y
′

t=0 = 0,
h = solveLDE(g, f);
print(h);

out: h = [1.00t+ et, 1.00 + (−1.00t) + (−1.00e−t)].

7. SPACE=R64[t];

g=\systLDE(\d(x, t, 2)+\d(y, t)=\sh(t)-\sin(t)-t,

\d(y, t, 2)+\d(x, t)=\ch(t)-\cos(t));

f=\initCond(\d(x, t, 0, 0)=0, \d(x, t, 0, 1)=2,

\d(y, t, 0, 0)=1, \d(y, t, 0, 1)=0);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x

′′

t + y′t = sh(t)− sin(t)− t,
y

′′

t + x′t = ch(t)− cos(t),

f =


xt=0 = 0,

x
′

t=0 = 2,
yt=0 = 1,

y
′

t=0 = 0,
h = solveLDE(g, f);
print(h);

out: h = [1.00t + 0.50et + (−0.50e−t), (−1.00t2)/2.00 + 0.50e1.00it +
(0.50e−1.00it)].

8. SPACE=R64[t];

g=\systLDE(\d(x, t, 2)-\d(x, t)+\d(y, t)=\exp(-t)+\cos(t),

\d(x, t)-\d(y, t, 2)-\d(y, t)=2\exp(t)+\sin(t));

f=\initCond(\d(x, t, 0, 0)=2, \d(x, t, 0, 1)=1,

\d(y, t, 0, 0)=0, \d(y, t, 0, 1)=1);

h=\solveLDE(g, f);

\print(h);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R64[t];

g =

{
x

′′

t − x′t + y′t = e−t + cos(t),

x′t − y
′′

t − y′t = 2et + sin(t),
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f =


xt=0 = 2,

x
′

t=0 = 1,
yt=0 = 0,

y
′

t=0 = 1,
h = solveLDE(g, f);
print(h);

out: h = [0.50e1.00it + 0.50e−1.00it + (−1.00e−t), 0.50i(e1.00it) +
(−0.50i(e−1.00it)) + (2.00et)].

6.3. Êîíòðîëüíûå çàäàíèÿ

Â ñèñòåìå Mathpar ðåøèòå:

� äèôôåðåíöèàëüíîå óðàâíåíèå y′′ + 3y′ − y = et ñ íà÷àëüíûìè
óñëîâèÿìè y(0) = 1, y′(0) = 1;

� ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé{
x′′ + y′ = cos t+ t2,
y′′ + x′ = sin t,

ñ íà÷àëüíûìè óñëîâèÿìè x(0) = y(0) = 0, x(1) = 2, y(1) = 1.
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Ãëàâà 7

Ïîëèíîìèàëüíûå

âû÷èñëåíèÿ

7.1. Âû÷èñëåíèå çíà÷åíèÿ ïîëèíîìà â

òî÷êå

Äëÿ âû÷èñëåíèÿ çíà÷åíèÿ ôóíêöèè â òî÷êå íåîáõîäèìî âûïîë-
íèòü :
\value(f, [var1, var2, . . . , varn]), ãäå f � ýòî ïîëèíîì, â êîòîðûé íà
ïîçèöèè ïåðåìåííûõ êîëüöà ïîäñòàâëÿåì ñîîòâåòñòâóþùèå çíà÷å-
íèÿ var1, var2, . . . , varn.

Ïðèìåð:

SPACE=R[x, y];

f=x^2+5x(y^3+x);

g=\value(f, [1, 2]);

\print(g);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y];

f = x2 + 5x(y3 + x);
g = value(f, [1, 2]);
print(g);

out: g = 46.00.
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7.2. Ñóììèðîâàíèå ïîëèíîìà ïî ïåðåìåí-

íûì. Ãåîìåòðè÷åñêèå ïðîãðåññèè

Äëÿ ñóììèðîâàíèÿ ïîëèíîìà ïî ïåðåìåííûì íåîáõîäèìî âûïîë-
íèòü êîìàíäó:
\SumOfPol(f, [x, y], [x1, x2, y1, y2]), ãäå f � ïîëèíîì, x, y � ïåðå-
ìåííûå ïî êîòîðûì âåäåòñÿ ñóììèðîâàíèå, x1, x2 � èíòåðâàë ñóì-
ìèðîâàíèÿ ïî x, y1, y2 � èíòåðâàë ñóììèðîâàíèÿ ïî y.

Åñëè èíòåðâàëû ñóììèðîâàíèÿ äëÿ âñåõ ïåðåìåííûõ ñîâïàäàþò,
òî ìîæíî çàïèñàòü:
\SumOfPol(f, [x, y], [x1, x2]), ãäå x1, x2 � èíòåðâàë ñóììèðîâàíèÿ
ïî x è y.

Ïðèìåð:

SPACE=R[x, y, z];

f=x^2z+xy+y^3xz;

res=\SumOfPol(f, [x, y], [2, 4, -2, 3]);

\print(res);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y, z];

f = x2z + xy + y3xz;
res = SumOfPol(f, [x, y], [2, 4,−2, 3]);
print(res);

out: res = 417.00z + 27.00.
Äëÿ ïðåîáðàçîâàíèÿ ïîëèíîìà ñ ïîìîùüþ ôîðìóëû ñóììû ãåî-

ìåòðè÷åñêîé ïðîãðåññèè íåîáõîäèìî âûïîëíèòü êîìàíäó:
\SearchOfProgression(f). Äàííàÿ êîìàíäà èùåò ãåîìåòðè÷åñêóþ
ïðîãðåññèþ ñ íàèáîëüøèì ÷èñëîì ÷ëåíîâ ñðåäè ìîíîìîâ ïîëèíîìà,
çàòåì äåëàåò ýòî åùå ðàç äëÿ îñòàâøèõñÿ ÷ëåíîâ è òàê äàëåå. Íàé-
äåííûå ïðîãðåññèè çàïèñûâàþòñÿ â âèäå Sn = b1(q

n − 1)/(q − 1),
ãäå Sn � ñóììà ïåðâûõ n ÷ëåíîâ, b1 � ïåðâûé ÷ëåí ãåîìåòðè÷åñêîé
ïðîãðåññèè, q � çíàìåíàòåëü ïðîãðåññèè.

Ïðèìåð:

SPACE=R[x, y, z];

f=x^3+x^4+x^5+x^6+x^7+x^8+x^9+x^10+x^11+x^12+x^13;

g=x+x^5+x^9+x^13+xyz+7x^2y^2z^2+7x^3y^3z^3+100xy+x+x^2+

x^3+x^4;

f1=\SearchOfProgression(f);
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g1=\SearchOfProgression(g);

\print(f1, g1);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y, z];

f = x3 + x4 + x5 + x6 + x7 + x8 + x9 + x10 + x11 + x12 + x13;
g = x+x5+x9+x13+xyz+7x2y2z2+7x3y3z3+100xy+x+x2+x3+x4;
f1 = SearchOfProgression(f);
g1 = SearchOfProgression(g);
print(f1, g1);

out: f1 = (x14 − x3)/(x− 1);
g1 = ((100.00yx+ x13 + x9 + x) + (z4y4x4 − zyx)/(zyx− 1) + (x6 −

x)/(x− 1) + 6.00z3y3x3 + 6.00z2y2x2).

7.3. Âû÷èñëåíèå áàçèñîâ Ãðåáíåðà

Äëÿ âû÷èñëåíèÿ áàçèñà Ãðåáíåðà ïîëèíîìèàëüíîãî èäåàëà íàä
ðàöèîíàëüíûìè ÷èñëàìè ìîæíî âîñïîëüçîâàòüñÿ êîìàíäîé
\gbasisB() èëè êîìàíäîé \gbasis(). Êîìàíäà \gbasisB() âû÷èñ-
ëÿåò áàçèñà Ãðåáíåðà, èñïîëüçóÿ àëãîðèòì Áóõáåðãåðà, à êîìàíäà
\gbasis() èñïîëüçóåò åãî ìàòðè÷íûé âàðèàíò, ïðåäëîæåííûé Ôóæå-
ðîì.

Ïðèìåðû:

1. SPACE=Q[x, y, z];

b=\gbasisB(x^4y^3+2xy^2+3x+1, x^3y^2+x^2, x^4y+z^2+xy^4+3);

\print(b);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];

b = gbasisB(x4y3 + 2xy2 + 3x+ 1, x3y2 + x2, x4y + z2 + xy4 + 3);
print(b);

out: b = [z2−x4+3x2+(−10)x+9, y+(−9)x4+(−3)x3−x2+(−81)x+
27, x5 + 9x2 + (−6)x+ 1].

2. SPACE=Z[x, y, z];

b=\gbasis(x^4y^3+2xy^2+3x+1, x^3y^2+x^2, x^4y+z^2+x y^4+3);

\print(b);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Q[x, y, z];
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b = gbasis(x4y3 + 2xy2 + 3x+ 1, x3y2 + x2, x4y + z2 + xy4 + 3);
print(b);

out: b = [z2−x4+3x2+(−10)x+9, x5+9x2+(−6)x+1, y+(−9)x4+
(−3)x3 − x2 + (−81)x+ 27].

7.4. Êîíòðîëüíûå çàäàíèÿ

Â ñèñòåìå Mathpar âû÷èñëèòå:

� f(1) + f(2) + f(3) + f(4) + f(5) äëÿ f = −3x3 − x2 + x+ 2;

� áàçèñ Ãðåáíåðà ïîëèíîìèàëüíîãî èäåàëà äëÿ ïîëèíîìîâ x2 +
xy, 4xy3 − 2xy − 4, y2 − x, x2y2 + x+ y − 6.
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Ãëàâà 8

Ìàòðè÷íûå ôóíêöèè

8.1. Âû÷èñëåíèå òðàíñïîíèðîâàííîé ìàò-

ðèöû

Äëÿ âû÷èñëåíèÿ òðàíñïîíèðîâàííîé ìàòðèöû äëÿ ìàòðèöû A
íåîáõîäèìî âûïîëíèòü êîìàíäó:
\transpose(A) èëè A {̂T}.

Ïðèìåð:

SPACE=Z[x];

A=[[1, 2], [4, 5]];

B=A^{T};

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 2
4 5

)
;

B = AT ;
print(B);

out: B =

(
1 4
2 5

)
.
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8.2. Âû÷èñëåíèå îáðàòíîé è ïðèñîåäèíåí-

íîé ìàòðèöû

8.2.1. Âû÷èñëåíèå îáðàòíîé ìàòðèöû

Äëÿ âû÷èñëåíèÿ îáðàòíîé ìàòðèöû äëÿ ìàòðèöû A íåîáõîäèìî âû-
ïîëíèòü êîìàíäó:
\inverse(A) èëè A {̂−1}.

Ïðèìåðû:
1. SPACE=Z[x];

A=[[1, 4], [4, 5]];

B=\inverse(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 2
4 5

)
;

B = inverse(A);
print(B);

out: B =

(
(−5)/11 4/11
4/11 (−1)/11

)
.

2. SPACE=Z[x, y];

A=[[x+y, x], [y, \cos(x)]];

B=\inverse(A);

\print(B);
Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
x+ y x
y cos(x)

)
;

B = inverse(A);
print(B);

out: B =

(
cos(x)

y cos(x)+x cos(x)+(−yx)
−x

y cos(x)+x cos(x)+(−yx)
−y

(y cos(x)+x cos(x)+(−yx) y + x
(y cos(x)+x cos(x)+(−yx)

)
.

8.2.2. Âû÷èñëåíèå ïðèñîåäèíåííîé ìàòðèöû

Äëÿ âû÷èñëåíèÿ ïðèñîåäèíåííîé ìàòðèöû äëÿ çàäàííîé ìàòðèöû
íåîáõîäèìî âûïîëíèòü êîìàíäó:
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\adjoint(A) èëè A {̂\star}.
Ïðèìåðû:

1. SPACE=Z[x];

A=[[1, 4], [4, 5]];

B=\adjoint(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 2
4 5

)
;

B = adjoint(A);
print(B);

out: B =

(
5 −4
−4 1

)
.

2. SPACE=Z[x, y];

A=[[\cos(y), \sin(x)], [\sin(y), \cos(x)]];

B=\adjoint(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
cos(y) sin(x)
sin(y) cos(x)

)
;

B = adjoint(A);
print(B);

out: B =

(
cos(x) −sin(x)
−sin(y) cos(y)

)
.

8.3. Âû÷èñëåíèå îïðåäåëèòåëÿ ìàòðèöû

Äëÿ âû÷èñëåíèÿ îïðåäåëèòåëÿ ìàòðèöû A íåîáõîäèìî âûïîë-
íèòü êîìàíäó:
\det(A).

Ïðèìåðû:

1. SPACE=Z[x];

A=[[1, 4], [4, 5]];

B=\det(A);

\print(B);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 4
4 5

)
;

B = det(A);
print(B);

out: B = −11.

2. SPACE=R[x];

A=[[3, 4], [3, 1]];

B=\det(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x];

A =

(
3 4
3 1

)
;

B = det(A);
print(B);

out: B = −9.

3. SPACE=Z[x, y];

A=[[x^2, y], [4, x+y]];

B=\det(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
x2 y
4 x+ y

)
;

B = det(A);
print(B);

out: B = yx2 − 4y + x3.

4. SPACE=Z[x, y];

A=[[x+y, \sin(x)], [y, \cos(x)]];

B=\det(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];
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A =

(
x+ y sin(x)
y cos(x)

)
;

B = det(A);
print(B);

out: B = y · cos(x) + x · cos(x)− y · sin(x).

8.4. Âû÷èñëåíèå ñîïðÿæåííîé ìàòðèöû

Äëÿ âû÷èñëåíèÿ ñîïðÿæåííîé ìàòðèöû íåîáõîäèìî âûïîëíèòü
êîìàíäó:
\conjugate(A) èëè A {̂\ast}.

Ïðèìåð:

SPACE=C[x];

A=[[1+\i, 2-\i], [-3, -2\i]];

B=A^{\ast};

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = C[x];

A =

(
1 + i 2− i
−3 −2i

)
;

B = A∗;
print(B);

out: B =

(
1− 1.0i −3
2 + 1.0i 2.0i

)
.

8.5. Âû÷èñëåíèå îáîáùåííîé îáðàòíîé

ìàòðèöû

Äëÿ âû÷èñëåíèÿ îáîáùåííîé îáðàòíîé ìàòðèöû Ìóððà-
Ïåíðîóçà íåîáõîäèìî âûïîëíèòü êîìàíäó:
\genInverse(A) èëè A {̂+}.

Ïðèìåð:

SPACE=Z[x];

A=[[1, 4, 5], [2, 4, 5]];

B=A^{+};

\print(B);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 4 5
2 4 5

)
;

B = A+;
print(B);

out: B =

 −1 1 0
8/41 (−4)/41 0
10/41 (−5)/41 0

 .

8.6. Âû÷èñëåíèå ÿäðà îïåðàòîðà è ýøå-

ëîííîé ôîðìû

8.6.1. Âû÷èñëåíèå ýøåëîííîé ôîðìû ìàòðèöû

Äëÿ âû÷èñëåíèÿ ýøåëîííîé ôîðìû ìàòðèöû A íåîáõîäèìî âûïîë-
íèòü êîìàíäó:
\toEchelonForm(A).

Ïðèìåðû:

1. SPACE=Z[x];

A=[[1, 4], [4, 5]];

B=\toEchelonForm(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 4
4 5

)
;

B = toEchelonForm(A);
print(B);

out: B =

(
−11 0
0 −11

)
.

2. SPACE=Z[x, y];

A=[[\cos(y), \sin(x)], [\sin(y), \cos(x)]];

B=\toEchelonForm(A);

\print(B);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
cos(y) sin(x)
sin(y) cos(x)

)
;

B = toEchelonForm(A);
print(B);

out:B =

(
cos(y)cos(x)− sin(x)sin(y) 0

0 cos(y)cos(x)− sin(x)sin(y)

)
.

8.6.2. Âû÷èñëåíèå ÿäðà îïåðàòîðà

Äëÿ âû÷èñëåíèÿ ÿäðà îïåðàòîðà ìàòðèöû A íåîáõîäèìî âûïîëíèòü
êîìàíäó:
\kernel(A).

Ïðèìåðû:

1. SPACE=Z[x];

A=[[1, 4], [4, 16]];

B=\kernel(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 4
4 16

)
;

B = kernel(A);
print(B);

out: B =

(
0 4
0 −1

)
.

2. SPACE=Z[x, y];

A=[[x+y, x], [(x+y)x, x^2]];

B=\kernel(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
x+ y x

(x+ y)x x2

)
;

B = kernel(A);
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print(B);

out: B =

(
0 x
0 −y − x

)
.

8.7. Âû÷èñëåíèå õàðàêòåðèñòè÷åñêîãî ïî-

ëèíîìà ìàòðèöû

Äëÿ âû÷èñëåíèÿ õàðàêòåðèñòè÷åñêîãî ïîëèíîìà ìàòðèöû A
íåîáõîäèìî âûïîëíèòü êîìàíäó:
\charPolynom(A).

Ïðèìåðû:

1. SPACE=Z[x];

A=[[1, 4], [4, 5]];

B=\charPolynom(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

(
1 2
4 5

)
;

B = charPolynom(A);
print(B);

out: B = x2 + (−6)x+ (−11).

2. SPACE=Z[t, x, y];

A=[[\cos(y), \sin(x)], [\sin(y), \cos(x)]];

B=\charPolynom(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
cos(y) sin(x)
sin(y) cos(x)

)
;

B = adjoint(A);
print(B);

out: B = t2 + (− cos(x)− cos(y))t+ cos(y) cos(x)− sin(x) sin(y).
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8.8. LDU-ðàçëîæåíèå

Äëÿ âû÷èñëåíèÿ LDU-ðàçëîæåíèÿ ìàòðèöû A, íóæíî âûïîë-
íèòü êîìàíäó:
\LDU(A).

Ðåçóëüòàò � âåêòîð èç òð¼õ ìàòðèö [L,D,U ]. Çäåñü L � íèæ-
íÿÿ òðåóãîëüíàÿ ìàòðèöà, U � âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà, D �
ìàòðèöà ïåðåñòàíîâîê, óìíîæåííàÿ íà ìàòðèöó, êîòîðàÿ ÿâëÿåòñÿ
îáðàòíîé ê äèàãîíàëüíîé ìàòðèöå. Åñëè ýëåìåíòû ìàòðèöû A èç
êîììóòàòèâíîé îáëàñòè R, òî è ýëåìåíòû ìàòðèö L, D−1, U òàêæå
ïðèíàäëåæàò îáëàñòè R.

Ïðèìåðû:

1. SPACE=Z[x];

A=[[0, 1, 0], [4, 5, 1],[1, 1, 1]];

B=\LDU(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =

 0 1 0
4 5 1
1 1 1

 ;

B = LDU(A)
print(B);

out: B =  4 0 0
0 4 0
−1 1 3

 ,

 0 1/16 0
1/4 0 0
0 0 1/12

 ,

 4 5 1
0 4 0
0 0 3

  .
2. SPACE=Z[x];

A=[[1, 4,0,1], [4, 5,5,3],[1,2,2,2],[3,0,0,1]];

B=\LDU(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =


1 −4 0 1
4 5 5 3
1 2 2 2
3 0 0 1

 ;
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B = LDU(A)
print(B);

out: B =




1 0 0 0
4 −11 0 0
1 −2 −12 0
3 −12 60 −60




1 0 0 0
0 1/(−11) 0 0
0 0 1/132 0
0 0 0 1/720




1 4 0 1
0 −11 5 −1
0 0 −12 −13
0 0 0 −60





.

3. SPACE=Z[x,y];

A=[[\cos(y),\sin(x)],[\sin(y),\cos(x)]];

B=\LDU(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
cos(y) sin(x)
sin(y) cos(x)

)
B = LDU(A)
print(B);

out: B =

(
cos(y) 0
sin(y) cos(y) cos(x) + (− sin(x) sin(y))

)
(

1/ cos(y) 0
0 1/((cos(y))2 cos(x) + (−1 cos(y) sin(x) sin(y)))

)
(

cos(y) sin(x)
0 cos(y) cos(x) + (− sin(x) sin(y))

)


.
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8.9. Ðàçëîæåíèå Áðþà

Äëÿ âû÷èñëåíèÿ ðàçëîæåíèÿ Áðþà ìàòðèöû A, íóæíî âûïîë-
íèòü êîìàíäó:
\BruhatDecomposition(A).

Ðåçóëüòàò � âåêòîð èç òð¼õ ìàòðèö [V,D,U ]. Çäåñü V è U � âåðõ-
íèå òðåóãîëüíûå ìàòðèöû, D � ìàòðèöà ïåðåñòàíîâîê, óìíîæåííàÿ
íà ìàòðèöó, êîòîðàÿ ÿâëÿåòñÿ îáðàòíîé ê äèàãîíàëüíîé ìàòðèöå.
Åñëè ýëåìåíòû ìàòðèöû A èç êîììóòàòèâíîé îáëàñòè R, òî è ýëå-
ìåíòû ìàòðèö V , D−1, U òàêæå ïðèíàäëåæàò îáëàñòè R.

Ïðèìåðû:

1. SPACE=Z[x];

A=[[1, 4,0,1], [4, 5,5,3],[1,2,2,2],[3,0,0,1]];

B=\BruhatDecomposition(A);

\print(B);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x];

A =


1 −4 0 1
4 5 5 3
1 2 2 2
3 0 0 1

 ;

B = BruhatDecomposition(A)
print(B);

out: B =




−24 0 12 1
0 60 15 4
0 0 6 1
0 0 0 3




0 0 1/(−144) 0
0 0 0 1/(−1440)
0 1/18 0 0
1/3 0 0 0




3 0 0 1
0 6 6 5
0 0 −24 −16
0 0 0 60





.

2. SPACE=Z[x,y];
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A=[[\cos(y),\sin(x)],[\sin(y),\cos(x)]];

B=\BruhatDecomposition(A);

\print(B);
Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = Z[x, y];

A =

(
cos(y) sin(x)
sin(y) cos(x)

)
B = BruhatDecomposition(A)
print(B);

out: B =

(
− cos(y) cos(x) + sin(x) sin(y) cos(y)

0 sin(y)

)
(

0 1/(− cos(y) sin(y) cos(x) + sin(x)(sin(y))2)
1/ sin(y) 0

)
(

sin(y) cos(x)
0 − cos(y) cos(x) + sin(x) sin(y)

)


.

8.10. Êîíòðîëüíûå çàäàíèÿ

Â ñèñòåìå Mathpar äëÿ ìàòðèö A ∈ Q, B ∈ Z/(17)Z[x, y]

A =

 3 0 7
0 −5 5
4 17 2

 , B =

 0 x y + 1
x2 0 −y − x

x2 + y −x −3yx


âû÷èñëèòå:

� òðàíñïîíèðîâàííóþ ìàòðèöó;

� îïðåäåëèòåëü;

� îáðàòíóþ ìàòðèöó;

� ïðèñîåäèíåííóþ ìàòðèöó;

� õàðàêòåðèñòè÷åñêèé ïîëèíîì;

� ðàçëîæåíèå Áðþà;

� LDU ðàçëîæåíèå;

� ÿäðî îïåðàòîðà è ýøåëîííóþ ôîðìó.
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Ãëàâà 9

Ôóíêöèè òåîðèè

âåðîÿòíîñòåé è

ìàòåìàòè÷åñêîé

ñòàòèñòèêè

9.1. Ôóíêöèè äëÿ ðàáîòû ñ äèñêðåòíûìè

ñëó÷àéíûìè âåëè÷èíàìè

Äèñêðåòíàÿ ñëó÷àéíàÿ âåëè÷èíà çàäàåòñÿ êàê ìàòðèöà, èìåþ-
ùàÿ äâå ñòðîêè. Â ïåðâîé ñòðîêå çàïèñàíû çíà÷åíèÿ ñëó÷àéíîé
âåëè÷èíû, âî âòîðîé � ñîîòâåòñòâóþùèå èì âåðîÿòíîñòè. Òî åñòü
êàæäûé ýëåìåíò âòîðîé ñòðîêè ÿâëÿåòñÿ ÷èñëîì îò 0 äî 1, è ñóììà
ýëåìåíòîâ âòîðîé ñòðîêè äîëæíà áûòü ðàâíà 1, íàïðèìåð,
M = ([1, 2, 3, 4, 5], [0.4, 0.1, 0.1, 0.2, 0.2]).

Äëÿ ðàáîòû ñ äèñêðåòíûìè ñëó÷àéíûìè âåëè÷èíàìè îïðåäåëåíû
ñëåäóþùèå ôóíêöèè:

\mathExpectation(M) âû÷èñëÿåò ìàòåìàòè÷åñêîå îæèäàíèå
äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû M .

\dispersion(M) âû÷èñëÿåò äèñïåðñèþ äèñêðåòíîé ñëó÷àéíîé âå-
ëè÷èíû M .

\meanSquareDeviation(M) âû÷èñëÿåò ñðåäíåå êâàäðàòè÷íîå
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îòêëîíåíèå äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû M .
\addQU(M1,M2) ñêëàäûâàåò äâå äèñêðåòíûå ñëó÷àéíûå âåëè-

÷èíû M1 è M2.
\multiplyQU(M1,M2) óìíîæàåò äâå äèñêðåòíûå ñëó÷àéíûå âå-

ëè÷èíû M1 è M2.
\covariance(M1,M2) âû÷èñëÿåò êîýôôèöèåíò êîâàðèàöèè äâóõ

äèñêðåòíûõ ñëó÷àéíûõ âåëè÷èí M1 è M2.
\correlation(M1,M2) âû÷èñëÿåò êîýôôèöèåíò êîððåëÿöèè

äâóõ äèñêðåòíûõ ñëó÷àéíûõ âåëè÷èí M1 è M2.
\plotPolygonDistribution(M,V ) ñòðîèò ìíîãîóãîëüíèê ðàñ-

ïðåäåëåíèÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû M .
\plotDistributionFunction(M,V ) ñòðîèò ôóíêöèþ ðàñïðåäå-

ëåíèÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû M , ãäå V � ýòî ìàòðè-
öà èç îäíîé ñòðîêè, 4 ýëåìåíòà êîòîðîé çàäàþò ãðàíèöû ãðàôèêà:
[x1, x2, y1, y2].
\simplifyQU(M) óïðîùàåò äèñêðåòíóþ ñëó÷àéíóþ âåëè÷èíóM.
Ïðèìåðû:

1. SPACE=R[x, y];

M=[[1, 2], [0. 2, 0. 8]];

g=\mathExpectation(M);

g1=\dispersion(M);

g2=\meanSquareDeviation(M);

\print(g, g1, g2);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y];

M =

(
1 2
0.2 0.8

)
;

g = mathExpectation(M);
g1 = dispersion(M);
g2 = meanSquareDeviation(M);
print(g, g1, g2);

out: g = 1.8;
g1 = 0.16;
g2 = 0.39.

2. SPACE=R[x, y];

M=[[7, 5, 3, 5, 1], [0. 2, 0. 1, 0. 3, 0. 1, 0. 3]];

g=\simplifyQU(M);

\print(g);
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Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y];

M =

(
7 5 3 5 1
0.2 0.1 0.3 0.1 0.3

)
;

g = simplifyQU(M);
print(g);

out: g =

(
1 3 5 7
0.3 0.3 0.2 0.2

)
.

3. SPACE=R[x, y];

M1=[[0, 1], [0. 33333, 0. 66666]];

M2=[[1, 2], [0. 25, 0. 75]];

g=\addQU(M1, M2);

g1= \multiplyQU(M1, M2);

\print(g, g1);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y];

M1 =

(
0 1

0.33333 0.66666

)
;

M2 =

(
1 2

0.25 0.75

)
;

g = addQU(M1,M2);
g1 = multiplyQU(M1,M2);
print(g, g1);

out: g =

(
1 2 3

0.08 0.41 0.49

)
;

g1 =

(
0 1 2

0.33 0.16 0.49

)
.

4. SPACE=R[x, y];

M=[[-7, -2, 0, 3, 5, 7, 9],

[0.3, 0.05, 0.2, 0.1, 0.1, 0.2, 0.05]];

V=[-10, 10, 0, 1];

\plotPolygonDistribution(M, V);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y];

M =

(
−7 −2 0 3 5 7 9
0.3 0.05 0.2 0.1 0.1 0.2 0.05

)
;

V = [−10, 10, 0, 1];
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plotPolygonDistribution(M,V );
out: ðèñ. 9.1.

Ðèñ. 9.1.Ìíîãîóãîëüíèê ðàñïðåäåëåíèÿ äèñêðåòíîé ñëó÷àé-
íîé âåëè÷èíû èç ïðèìåðà 4

9.2. Ôóíêöèè äëÿ âûáîðîê

Âûáîðêà çàäàåòñÿ êàê ìàòðèöà èç îäíîé ñòðîêè, íàïðèìåð,
[1, 7, 10, 15].
\sampleMean(W ) âû÷èñëÿåò âûáîðî÷íîå ñðåäíåå âûáîðêè W .
\sampleDispersion(W ) âû÷èñëÿåò âûáîðî÷íóþ äèñïåðñèþ âû-

áîðêè W .
\covarianceCoefficient(W1,W2) âû÷èñëÿåò êîýôôèöèåíò êîâà-

ðèàöèè äëÿ 2 âûáîðoê W1 è W2.
\correlationCoefficient(W1,W2) âû÷èñëÿåò êîýôôèöèåíò êîð-

ðåëÿöèè äëÿ 2 âûáîðoê W1 è W2.
Ïðèìåð:

SPACE=R[x, y];

W1=[0, 1];
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W2=[1, 2];

g=\sampleMean(W1);

g1=\sampleDispersion(W1);

g2=\covarianceCoefficient(W1, W2);

g3=\correlationCoefficient(W1, W2);

\print(g, g1, g2, g3);

Ðåçóëüòàò âûïîëíåíèÿ:
in: SPACE = R[x, y];

W1 = [0, 1];
W2 = [1, 2];
g = sampleMean(W1);
g1 = sampleDispersion(W1);
g2 = covarianceCoefficient(W1,W2);
g3 = correlationCoefficient(W1,W2);
print(g, g1, g2, g3);

out: g = 0.5;
g1 = 0.25; g2 = 0.25; g3 = 1.00.

9.3. Êîíòðîëüíûå çàäàíèÿ

Çàäàíû äèñêðåòíûå ñëó÷àéíûå âåëè÷èíû M è K:
M K

1 1. 2 1. 4 1. 6 1. 8 0. 9 1. 0 1. 1 1. 2 1. 3
0. 1 0. 1 0. 3 0. 4 0. 1 0. 2 0. 3 0. 2 0. 2 0. 1

Â ñèñòåìå Mathpar íàéäèòå:

� ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíûõ âåëè÷èí M è K;

� äèñïåðñèþ ñëó÷àéíûõ âåëè÷èí M è K;

� ñðåäíåå êâàäðàòè÷íîå îòêëîíåíèå ñëó÷àéíûõ âåëè÷èí M è K;

� ñóììó, ïðîèçâåäåíèå ñëó÷àéíûõ âåëè÷èí M è K;

� êîýôôèöèåíò êîâàðèàöèè ñëó÷àéíûõ âåëè÷èí M è K;

� êîýôôèöèåíò êîððåëÿöèè ñëó÷àéíûõ âåëè÷èí M è K;

� ïîñòðîéòå ìíîãîóãîëüíèê ðàñïðåäåëåíèÿ äèñêðåòíîé ñëó÷àé-
íîé âåëè÷èíû M è åå ôóíêöèè ðàñïðåäåëåíèÿ.
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Ãëàâà 10

Îïåðàòîðû óïðàâëåíèÿ.

Ïðîöåäóðíîå

ïðîãðàììèðîâàíèå

10.1. Ïðîöåäóðû è ôóíêöèè

Ñèñòåìà Mathpar ïîçâîëÿåò ñîçäàâàòü ñâîè ïðîöåäóðû è ôóíê-
öèè. Äëÿ ýòîãî èñïîëüçóåòñÿ êîìàíäà \procedure. Ïîñëå êîìàíäû
óêàçûâàåòñÿ èìÿ ïðîöåäóðû, è â ôèãóðíûõ ñêîáêàõ îïèñûâàåòñÿ ñà-
ìà ïðîöåäóðà.

Ïðèìåð:

\procedure myProc2() {

d=4; \print(d); }

\procedure myProc(c, d) {

if (c < d) {\return d;}

else{\return d+5;}}

\myProc2();

a=10;

c=\myProc(5+a, a);

\print(a, c);

Ðåçóëüòàò âûïîëíåíèÿ:
d = 4; a = 10; c = 15.
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10.2. Îïåðàòîðû âåòâëåíèÿ è öèêëîâ

Ñèñòåìà Mathpar äàåò âîçìîæíîñòü èñïîëüçîâàòü îïåðàòîðû
âåòâëåíèÿ è öèêëîâ.
\if() { } \else { } � îïåðàòîð âåòâëåíèÿ;
\while() { } � îïåðàòîð öèêëà ñ ïðåäóñëîâèåì;
\for( ; ; ) { } � îïåðàòîð öèêëà ñî ñ÷åò÷èêîì.

Ïðèìåðû:

1. a=5; b=1;

if(b < a) {b=b+a;}

else{\print(a, b);}

if(b < a) {b=b+a;}

else{\print(a, b);}

Ðåçóëüòàò âûïîëíåíèÿ:
a = 5; b = 6.

2. a=0; b=10;

while(a < b) { a=a+5; \print(a);}

Ðåçóëüòàò âûïîëíåíèÿ:
a = 5; a = 10.

3. for (i=3; i \le 11; i=i+5) {

\print(i);}

Ðåçóëüòàò âûïîëíåíèÿ:
i = 3; i = 8.

10.3. Êîíòðîëüíûå çàäàíèÿ

Â ñèñòåìå mathpar íàïèøèòå ïðîãðàììó:

� äëÿ ïîèñêà íàèáîëüøåãî êîýôôèöèåíòà ìàòðèöû;

� äëÿ âûâîäà âñåõ ÷èñåë îò 1 äî 3000, êîòîðûå äåëÿòñÿ íà 252, à
ïðè äåëåíèè íà 101 äàþò â îñòàòêå 3.
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Ãëàâà 11

Âû÷èñëåíèÿ íà

ñóïåðêîìïüþòåðå

Äëÿ ðåøåíèÿ âû÷èñëèòåëüíûõ çàäà÷; òðåáóþùèõ áîëüøîãî âðå-
ìåíè âû÷èñëåíèé èëè áîëüøèõ îáúåìîâ ïàìÿòè, ðàçðàáîòàíû ñïå-
öèàëüíûå ôóíêöèè, êîòîðûå ïðåäîñòàâëÿþò ïîëüçîâàòåëþ ðåñóðñû
ñóïåðêîìïüþòåðà. Ïðè èñïîëüçîâàíèè ýòèõ ôóíêöèé âû÷èñëåíèÿ
ïðîèçâîäÿòñÿ íå íà îäíîì ïðîöåññîðå, à íà âûäåëåííîì ìíîæåñòâå
ÿäåð ñóïåðêîìïüþòåðà, êîëè÷åñòâî êîòîðûõ çàêàçûâàåò ïîëüçîâà-
òåëü. Èìåþòñÿ ñëåäóþùèå ôóíêöèè (ïàðôóíêöèè), êîòîðûå èñïîëü-
çóåò ñóïåðêîìïüþòåð:

1) \gbasisPar � âû÷èñëåíèå áàçèñà Ãðåáíåðà;

2) \adjointPar � âû÷èñëåíèå ïðèñîåäèíåííîé ìàòðèöû;

3) \adjointDetPar � âû÷èñëåíèå ïðèñîåäèíåííîé ìàòðèöû è
îïðåäåëèòåëÿ ìàòðèöû;

4) \echelonFormPar � âû÷èñëåíèå ñòóïåí÷àòîãî âèäà ìàòðèöû;

5) \inversePar � âû÷èñëåíèå îáðàòíîé ìàòðèöû;

6) \detPar � âû÷èñëåíèå îïðåäåëèòåëÿ ìàòðèöû;

7) \kernelPar � âû÷èñëåíèå ÿäðà ëèíåéíîãî îïåðàòîðà;

8) \charPolPar � âû÷èñëåíèå õàðàêòåðèñòè÷åñêîãî ïîëèíîìà;
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9) \multiplyPar � âû÷èñëåíèå ïðîèçâåäåíèÿ ìàòðèö;

10) \multiplyPar � âû÷èñëåíèå ïðîèçâåäåíèÿ ïîëèíîìîâ.

Äî ïðèìåíåíèÿ ëþáîé èç ýòèõ ôóíêöèé ïîëüçîâàòåëü äîëæåí
óêàçàòü ïàðàìåòðû, îïðåäåëÿþùèå ïàðàëëåëüíîå îêðóæåíèå:

TOTALPROCNUMBER � îáùåå êîëè÷åñòâî ïðîöåññîðîâ
(ÿäåð), êîòîðûå âûäåëÿþòñÿ äëÿ âû÷èñëåíèé;

NODEPROCNUMBER � êîëè÷åñòâî ÿäåð íà îäíîì óçëå;
CLUSTERTIME � ìàêñèìàëüíîå âðåìÿ (â ìèíóòàõ) âûïîëíå-

íèÿ ïðîãðàììû, ïîñëå èñòå÷åíèÿ êîòîðîãî ïðîãðàììà ïðèíóäèòåëü-
íî çàâåðøèòñÿ.

Äëÿ çàäàíèÿ êîëè÷åñòâà ÿäåð íà îäíîì óçëå ïîëüçîâàòåëü äîë-
æåí çíàòü, êàêîé êëàñòåð èñïîëüçóåòñÿ, ñêîëüêî ÿäåð íà óçëå åìó
äîñòóïíî. Ïî óìîë÷àíèþ ïàðàìåòðû TOTALPROCNUMBER è
NODEPROCNUMBER óñòàíàâëèâàþòñÿ òàê, ÷òîáû èñïîëüçîâà-
ëèñü âñå ÿäðà îäíîãî óçëà, à CLUSTERTIME = 1.

Âîçìîæíîñòü ìåíÿòü ÷èñëî ÿäåð íà îäíîì óçëå ÿâëÿåòñÿ âàæ-
íîé îñîáåííîñòüþ, òàê êàê îïåðàòèâíàÿ ïàìÿòü íà îäíîì óçëå èñ-
ïîëüçóåòñÿ âñåìè NODEPROCNUMBER ÿäðàìè. Ñëåäîâàòåëüíî,
ìîæíî ðåãóëèðîâàòü ðàçìåð îïåðàòèâíîé ïàìÿòè, êîòîðûé äîñòóïåí
îäíîìó ÿäðó.

11.1. Ïàðàëëåëüíûå ïîëèíîìèàëüíûå âû-

÷èñëåíèÿ

Äëÿ ïàðàëëåëüíîãî âû÷èñëåíèÿ ïðîèçâåäåíèÿ ïîëèíîìîâ íàäî
èñïîëüçîâàòü êîìàíäó:
\multiplyPar(p1, p2), ãäå p1, p2 � âõîäíûå ïîëèíîìû.

Ïðèìåð:

TOTALPROCNUMBER=4;

NODEPROCNUMBER=2;

CLUSTERTIME=1;

\multiplyPar(p1, p2);

Äëÿ ïàðàëëåëüíîãî âû÷èñëåíèÿ áàçèñà Ãðåáíåðà íåîáõîäèìî èñ-
ïîëüçîâàòü êîìàíäó:
\gbasisPar([p1, p2, p3, . . . , pn]), ãäå p1, p2, p3, . . . , pn � ïîëèíîìû.

Ïðèìåð:
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\gbasisPar([x^2+2x+1, x^4+x-2]);

11.2. Ïàðàëëåëüíûå ìàòðè÷íûå âû÷èñëå-

íèÿ

Äëÿ ïàðàëëåëüíîãî âû÷èñëåíèÿ ïðîèçâåäåíèÿ ìàòðèö m1 è m2
íåîáõîäèìî èñïîëüçîâàòü êîìàíäó:
\multiplyPar(m1,m2).

Äëÿ ïàðàëëåëüíîãî âû÷èñëåíèÿ ïðèñîåäèíåííîé ìàòðèöû äëÿ
ìàòðèöû m ìîæíî èñïîëüçîâàòü êîìàíäó:
\adjointPar(m).

Àíàëîãè÷íî äëÿ ìàòðèöû m ìîæíî âûïîëíèòü âû÷èñëåíèå ñòó-
ïåí÷àòîãî âèäà \echelonFormPar(m), âû÷èñëåíèå îïðåäåëèòåëÿ
\detPar(m), âû÷èñëåíèå ÿäðà îïåðàòîðà \kernelPar(m), âû÷èñ-
ëåíèå õàðàêòåðèñòè÷åñêîãî ïîëèíîìà \charPolPar(m). Êîìàíäà
\adjointDetPar(m) ïîçâîëÿåò âû÷èñëèòü ïðèñîåäèíåííóþ ìàòðè-
öó è îïðåäåëèòåëü îäíîâðåìåííî.

11.3. Êîíòðîëüíûå çàäàíèÿ

Â ñèñòåìå Mathpar çàäàéòå êâàäðàòíóþ ìàòðèöó ðàçìåðà 500, èñ-
ïîëüçóÿ ãåíåðàöèþ ìàòðèö. Íà ñóïåðêîìïüþòåðå äëÿ ýòîé ìàòðèöû
âû÷èñëèòå:

� îïðåäåëèòåëü;

� îáðàòíóþ ìàòðèöó;

� ïðèñîåäèíåííóþ ìàòðèöó;

� õàðàêòåðèñòè÷åñêèé ïîëèíîì;

� ñòóïåí÷àòûé âèä;

� ÿäðî îïåðàòîðà.
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Ãëàâà 12

Ñïèñîê îïåðàòîðîâ

Ïðàâèëî îáðàçîâàíèÿ íàèìåíîâàíèé ìàòåìàòè÷åñêèõ îáúåêòîâ:

Çàãëàâíûå è ñòðî÷íûå áóêâû âñþäó ðàçëè÷àþòñÿ. Ïîëüçîâàòåëü
ìîæåò äàâàòü ëþáûå èìåíà äëÿ ìàòåìàòè÷åñêèõ îáúåêòîâ. Îäíàêî
ýòè èìåíà íå äîëæíû ñîâïàäàòü ñ îïåðàòîðàìè è êîíñòàíòàìè, êîòî-
ðûå îïðåäåëåíû â ñèñòåìå. Êðîìå òîãî, èìåíà îáúåêòîâ, óìíîæåíèå
êîòîðûõ íåêîììóòàòèâíî, íàïðèìåð, âåêòîðîâ è ìàòðèö, äîëæíû
íà÷èíàòüñÿ ñ çàãëàâíûõ ëàòèíñêèõ áóêâ, à âñå îñòàëüíûå èìåíà îáú-
åêòîâ � ñî ñòðî÷íûõ áóêâ. Ýòî äàåò âîçìîæíîñòü ñðàçó ïîñëå ââîäà
àâòîìàòè÷åñêè ïîëó÷àòü óïðîùåííîå âûðàæåíèå.

Ïðèâåäåì ñïèñîê îñíîâíûõ îïåðàòîðîâ ñèñòåìû Mathpar:
\clean � óäàëåíèå âñåõ ââåäåííûõ èìåí îáúåêòîâ. Åñëè â îïåðà-

òîðå ïåðå÷èñëåíû èìåíà îáúåêòîâ, òî óäàëÿþòñÿ òîëüêî îáúåêòû ñ
ýòèìè èìåíàìè.

Èíôèêñíûå àðèôìåòè÷åñêèå îïåðàòîðû:
+ � ñëîæåíèå;
- � âû÷èòàíèå;
/ � äåëåíèå;
* � óìíîæåíèå (ìîæíî èñïîëüçîâàòü ïðîáåë âìåñòî çíàêà óìíî-

æåíèÿ);
\times � íåêîììóòàòèâíîå óìíîæåíèå.

Ïîñòôèêñíûå àðèôìåòè÷åñêèå îïåðàòîðû:
! � ôàêòîðèàë;
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x̂ {} � âîçâåäåíèå â ñòåïåíü;

Èíôèêñíûå îïåðàòîðû ñðàâíåíèÿ:

\le � ìåíüøå èëè ðàâíî;

> � áîëüøå;

\ge � áîëüøå èëè ðàâíî;

== � ðàâíî;

\ne � íåðàâíî.

Èíôèêñíûå ëîãè÷åñêèå îïåðàòîðû:

\lor � äèçúþíêöèÿ;

& � êîíúþíêöèÿ;

\neg � îòðèöàíèå.

Îñíîâíûå ïðåôèêñíûå îïåðàòîðû:

\d � ñèìâîë äèôôåðåíöèðîâàíèÿ ïðè çàïèñè äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ;

\D � ïðîèçâîäíàÿ ôóíêöèè: \D(f) è \D(f, x) � ïåðâàÿ ïðîèç-
âîäíàÿ ïî x; \D(f, yˆ3) � òðåòüÿ ïðîèçâîäíàÿ ïî y è ò. ä.;

\expand � ïðåîáðàçîâàíèå âûðàæåíèÿ â ñóììó ñ ðàñêðûòèåì
âñåõ ñêîáîê â âûðàæåíèè;

\expandLn � ïðåîáðàçîâàíèå â ñóììó âûðàæåíèÿ, êîòîðîå
ñîäåðæèò ëîãàðèôìè÷åñêèå, ïîêàçàòåëüíûå è òðèãîíîìåòðè÷åñêèå
ôóíêöèè;

\extendedGCD � ðàñøèðåííûé àëãîðèòì âû÷èñëåíèÿ íàè-
áîëüøåãî îáùåãî äåëèòåëÿ (ÍÎÄ) ïîëèíîìîâ. Â ðåçóëüòàòå ïîëó-
÷àåòñÿ âåêòîð, ñîäåðæàùèé ÍÎÄ è äîïîëíèòåëüíûå ìíîæèòåëè àð-
ãóìåíòîâ;

\GCD � âû÷èñëåíèå ÍÎÄ ïîëèíîìîâ;

\factor � ïðåäñòàâëåíèå âûðàæåíèÿ â âèäå ïðîèçâåäåíèÿ;

\factorLn � ïðåäñòàâëåíèå âûðàæåíèÿ, ñîäåðæàùåãî ëîãàðèô-
ìè÷åñêèå è ïîêàçàòåëüíûå ôóíêöèè, â âèäå ïðîèçâåäåíèÿ;

\initCond � çàäàíèå íà÷àëüíûõ óñëîâèé äëÿ ñèñòåìû ëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé;

\LCM � âû÷èñëåíèå íàèìåíüøåãî îáùåãî êðàòíîãî (ÍÎÊ) ïî-
ëèíîìîâ;

\lim � ïðåäåë âûðàæåíèÿ;
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\print � ïå÷àòü âûðàæåíèé. Àðãóìåíòàìè âûñòóïàþò èìåíà âû-
ðàæåíèé, ðàçäåëåííûå çàïÿòûìè. Êàæäîå âûðàæåíèå áóäåò ïå÷à-
òàòüñÿ íà íîâîé ñòðîêå;
\printS � ïå÷àòü âûðàæåíèé â îäíó ñòðî÷êó, äëÿ ïåðåõîäà íà

ñëåäóþùóþ ñòðî÷êó íóæíî èñïîëüçîâàòü ¾\n¿;
\plot � ïîñòðîåíèå ãðàôèêà ôóíêöèè, êîòîðàÿ çàäàíà ÿâíî;
\plot3D � ïîñòðîåíèå ãðàôèêà ôóíêöèè äâóõ ïåðåìåííûõ, êî-

òîðàÿ çàäàíà ÿâíî;
\paramPlot � ïîñòðîåíèå ãðàôèêà ôóíêöèè, êîòîðàÿ çàäàíà

ïàðàìåòðè÷åñêè;
\tablePlot � ïîñòðîåíèå ãðàôèêà ôóíêöèè, çàäàííîé òàáëèöåé

àðãóìåíòîâ è çíà÷åíèé;
\prod � ïðîèçâåäåíèå (ñèìâîë

∏
);

\randomPolynom � ãåíåðàöèÿ ñëó÷àéíîãî ïîëèíîìà;
\randomMatrix � ãåíåðàöèÿ ñëó÷àéíîé ìàòðèöû;
\randomNumber � ãåíåðàöèÿ ñëó÷àéíîãî ÷èñëà;
\sequence � çàäàíèå ïîñëåäîâàòåëüíîñòè;
\Showgraf � ïîñòðîåíèå â îäíîé ñèñòåìå êîîðäèíàò ãðàôèêîâ

ôóíêöèé, êîòîðûå äîëæíû áûòü îïðåäåëåíû ðàíüøå;
\solveLDE � ðåøåíèå ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé;
\systLAE � çàäàíèå ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíå-

íèé;
\systLDE � çàäàíèå ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé;
\sum � ñóììà (ñèìâîë

∑
);

\time � îïðåäåëåíèå ïðîöåññîðíîãî âðåìåíè â ìèëëèñåêóíäàõ;
\value � âû÷èñëåíèå çíà÷åíèå âûðàæåíèÿ ïðè ïîäñòàíîâêå çà-

äàííûõ âûðàæåíèé èëè ÷èñåë âìåñòî ïåðåìåííûõ êîëüöà.

Îïåðàòîðû ïðîöåäóðû, âåòâëåíèÿ è öèêëà:
\procedure � îïåðàòîð îáúÿâëåíèÿ ïðîöåäóðû;
\if( ){ } \else{ } � îïåðàòîð âåòâëåíèÿ;
\while( ){ } � îïåðàòîð öèêëà ñ ïðåäóñëîâèåì;
\for( ; ; ){ } � îïåðàòîð öèêëà ñ ñ÷åò÷èêîì.

Ìàòðèöû, èõ ýëåìåíòû è ìàòðè÷íûå îïåðàòîðû:
[ , ] � çàäàíèå âåêòîðà (ñòðîêè);

97



[[ , ], [ , ]] � çàäàíèå ìàòðèöû;
A_{i,j} � (i,j)-ýëåìåíò ìàòðèöû A;
A_{i,?} � ñòðîêà i ìàòðèöû A;
A_{?,j} � ñòîëáåö j ìàòðèöû A;
O_{n,m} � íóëåâàÿ ìàòðèöà ðàçìåðà n×m ;
I_{n,m} � n×m ìàòðèöà ñ åäèíèöàìè íà ãëàâíîé äèàãîíàëè;
+, -, * � ñëîæåíèå, âû÷èòàíèå, óìíîæåíèå;
\charPolynom � õàðàêòåðèñòè÷åñêèé ïîëèíîì;
\kernel � ÿäðî îïåðàòîðà (íóëü-ïðîñòðàíñòâî);
\transpose èëè A {̂T} � òðàíñïîíèðîâàííàÿ ìàòðèöà;
\conjugate èëè A {̂\ast} � ñîïðÿæåííàÿ ìàòðèöà;
\toEchelonForm � ýøåëîííàÿ (ñòóïåí÷àòàÿ) ôîðìà;
\det � îïðåäåëèòåëü;
\inverse èëè A {̂−1} � îáðàòíàÿ ìàòðèöà;
\adjoint èëè A {̂\star} � ïðèñîåäèíåííàÿ ìàòðèöà;
\genInverse èëè A {̂+} � îáîáùåííàÿ îáðàòíàÿ ìàòðèöà

Ìóððà-Ïåíðîóçà;
\closure èëè A {̂\times} � çàìûêàíèå, ò.å. ñóììà I +A+A2 +

A3 + . . .. Äëÿ êëàññè÷åñêèõ àëãåáð ýòî ýêâèâàëåíòíî (I −A)−1;
\LDU � LDU-ïðåäñòàâëåíèå ìàòðèöû. Ðåçóëüòàò � âåêòîð èç

òð¼õ ìàòðèö [L,D,U ]. Çäåñü L � íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà, U �
âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà, D � ìàòðèöà ïåðåñòàíîâîê, óìíî-
æåííàÿ íà îáðàòíóþ ê äèàãîíàëüíîé ìàòðèöó;
\BruhatDecomposition � ðàçëîæåíèå Áðþà ìàòðèöû. Ðåçóëü-

òàò � âåêòîð èç òð¼õ ìàòðèö [V,D,U ]. Çäåñü V , U � âåðõíÿÿ òðå-
óãîëüíàÿ ìàòðèöà, D � ìàòðèöà ïåðåñòàíîâîê, óìíîæåííàÿ íà îá-
ðàòíóþ ê äèàãîíàëüíîé ìàòðèöó.
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